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LAGRANGIAN COBORDISM IN LEFSCHETZ FIBRATIONS. 


PAUL BIRAN AND OCTAV CORNEA 

Abstract. Given a symplectic manifold we study Lagrangian cobordisms V C E 

where E is the total space of a Lefschetz fibration having M as generic fiber. We prove 
a generation result for these cobordisms in the appropriate derived Fukaya category. As 
a corollary, we analyze the relations among the Lagrangian submanifolds L G M that are 
induced by these cobordisms. This leads to a unified treatment - and a generalization - of the 
two types of relations among Lagrangian submanifolds of M that were previously identified 
in the literature: those associated to Dehn twists that were discovered by Seidel [Sei2] and 
the relations induced by cobordisms in trivial symplectic fibrations described in our previous 
work [BC2, BC3]. 
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1. Introduction 

1.1. Motivation. The derived Fukaya category DJ^uk{N) of a symplectic manifold {N,u) is 
a triangulated category whose objects are obtained as the completion of a certain class - here 
denoted by C{N) - of Lagrangian submanifolds of N. The completion can be summarized as 
follows. As a set, each Lagrangian L can be described as a collection of sets each consisting 
of intersection points L' n L where L' is a variable Lagrangian transverse to L. This family 
of intersection points can be assembled in a family of vector spaces Z 2 {L' fl L) again with 
L' viewed as a variable. In the absence of some coherence relations among all these vector 
spaces this is obviously not a useful description of L. However, given some almost complex 
structure J, compatible with u, there are natural relations among the vector spaces Z 2 (—flL) 
that reflect the existence of J-holomorphic curves with Lagrangian boundary conditions along 
families Li,..., La, G C{N) and L. The formal way to express this is to construct hrst an A^o- 
category J^uk{N) called the Fukaya category of N with objects C{N), with morphisms the 
vector spaces hom(L', L") = X 2 {L'nL”) and so that the higher multiplications /ifc are given by 
counts of J-holomorphic polygons with boundary components along Li, L 2 , • • • Lk+i- In this 
formalism the family Z 2 (— fl L) becomes a module over J^uk{N), called the Yoneda module 
associated to L, y{L). The modules over an Aoo-category are algebraic objects that behave in 
ways very similar to chain complexes. In particular, given a morphism between two modules 
/ : A4 —>■ Ai', one can take the cone over it Ai" = cone(/), which is a module given by a 
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formula similar to the cone over a chain map. The category DJ^uk{N) has as objects all the 
modules that can be obtained by iterated cones from the Yoneda modules. The morphisms in 
this category are the homology classes of the module morphisms. The exact triangles are the 
homology images of the chain-level triangles of morphisms that are quasi-isomorphic to the 
module-level cone attachments. We refer to [Sei3, Section 3e] for the detailed construction. 
We remark that our variant of the derived Fukaya category is not completed with respect to 
idempotents, by contrast to other versions of this notion that are present in the literature. 
Note also that in this paper we work with ungraded ^oo-categories, in particular there are no 
shift operations. 

Two closely inter-related types of results are key from this perspective. The hrst is decom¬ 
position results, that show that all objects in some class can be decomposed in DJ^uk{—) 
in terms of basic objects, similarly to the way a CPF-complex can be decomposed into cells. 
The second one is constructive results producing exact triangles in DJ^uk{—) out of geometric 
structures or operations. 


1.2. Main result. The main aim of this paper it to prove a decomposition result for a class 
of Lagrangian submanifolds with cylindrical ends - called cobordisms - that are embedded in 
the total space of a Lefschetz hbration vr : C —)• C. We consider here such cobordisms V with 
“negative” ends only: outside of a compact subset, the projection of F to C is a union of rays 
of the type ii = {—oo, Oj] x {i}, z e N. Such cobordisms will be called negatively-ended. 

We work with uniformly monotone Lagrangians and with a class of Lefschetz hbrations 
that satisfy a strong variant of the monotonicity condition - see §3.1, §3.2 for the dehnitions. 
Let C*{E) be the class of these cobordisms in E. The superscript —* will denote at all times 
below the monotonicity constraint imposed on the Lagrangians involved. We denote by A 
the universal Novikov ring over the base held Z 2 . The Fukaya categories in this paper will 
generally be over the held A. Finally, recall that we work at all times in an ungraded context. 

We state here the main decomposition result and refer to §4.1 where the result is restated 
after making the various ingredients more precise. Our conventions and notation regarding 
iterated cone decompositions are explained in §3.1.1. Henceforth we make the following stand¬ 
ing assumption: all our Lefschetz hbrations E are assumed to have a positive dimensional hber 
(hence dimKh^ > 4). 

Theorem A. There exists a Fukaya eategory with objects the cobordisms in C*{E). Let 
DjFuk*{E) be the associated derived Fukaya category. Consider one object, V G C*{E), fix 
points Zi G along the rays associated to V and let = V D 7i~^{zi). Let Ti be the thimbles 
associated to the curves ti as in Figure 1, and let 'yiLi G E be obtained by the (union of) 
parallel transports of Li along the curve ■ji, in the same figure. 
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There exist finite rank A-modules Ek, 1 < k < m, and an iterated cone decomposition 
taking place in DEuk*{E): 

V = (Ti ® El ^ T 2 ® E 2 ^ ^ Tjn (8) -Em —^ 7s-^s 'Is-lLs-l 72-^2) • 

The precise meaning of the notation in the last formula will be be explained in §3.1.1. 
The ^-modules Ei are made explicit in the proof - see (57). For the time being, let us only 
mention that they are obtained as Floer homologies between V and certain Lagrangian spheres 
constructed in an auxiliary Lefschetz hbration associated to E. 



Figure 1. The curves 7 *, and the curves tj emanating from the critical values 
Vj of the Lefschetz hbration. 

1.3. Some consequences. Cobordisms are of interest not only for their own sake but also 
because they can be viewed as relators among their ends, in the sense of the usual cobordism 
relation. In this direction, one of the main consequences of Theorem A is that each such 
cobordism V produces an iterated cone decomposition inside DEuk*{M), where M = 7 r“^(zi) 
is the general hber of E. This cone decomposition expresses the end Li of V as an iterated 
cone involving the ends Li, i ^ the vanishing cycles of the singularities of vr - see §5.1. 

Thus, cobordisms in E and the triangular decompositions in the (derived) Fukaya category of 
the hber are intimately related - see Corollary 5.1.1. 

To discuss a further consequence, recall that to any triangulated category C one can associate 
a Grothendieck group KqC dehned as the quotient of the free abelian group generated by the 
objects of C modulo the relations B = A + C associated to each exact triangle A ^ B ^ C. 
We remark that in this paper we work with ungraded categories, hence our Grothendieck 
groups will always be 2 -torsion (i.e. 2A = 0 for every A G KqC). 

Another application of Theorem A - see §5.2 - is to give a description of the Grothendieck 
group KoDiFuk*{M) as an “algebraic” cobordism group. To explain this result we focus here 
on the case of the trivial hbration E = C x M even if we establish the relevant results in more 
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generality in the paper. Recall from [BC3] the dehnition of the cobordism group 
It is the quotient of the free abelian group generated by the objects in C*{M) modulo the 
relations Li + L 2 + • • • + = 0 for each negatively-ended cobordism V <Z C x M whose ends 

are Li,..., Lg. For every i G N there is a natural restriction operation that associates to a 
cobordism V its Fth end. These operations admit extensions to all objects of DJ^uk*{C x M). 
The Tth end of an object M in DJ'uk*{C x M) is denoted by [M\i G Ob{DJ'uk*{M)). It is 
natural to dehne an algebraic cobordism group as the free abelian group generated 

by the (isomorphism classes of) objects of DJ^uk*{M) modulo the relations — 0 

for each object A4 of DJ^uk*{C x M). Equivalently, Q\ig{M) is dehned in a similar way to 
^*Lagi^) only that the generators and relations now come also from the non-geometric objects 
in DJ'uk*{M) and DJ'uk*{C x M). There is an obvious map q : VL*j^^g{M) —)■ VL\ig{M). A 
consequence of Theorem A, Corollary 5.2.3, is that there exists a group isomorphism 

QMg : ^Mg{M) ^ KoDTuk*{M) 

so that the composition ° Q coincides with the Lagrangian Thom morphism 

( 1 ) Q:Ql,g{M)^KoDTuk*{M) 

previously introduced in [BC3]. One of the reasons why this is of interest is that this result 
should shed some light on the kernel of 0 which is at present somewhat mysterious. Another 
implication of the fact that ©nzg is an isomorphism appears in Corollary 5.2.4 which asserts 
that the obvious map Q}^^g{M) —)■ QH^{M) admits an extension to fl\ig{M). Here QH^{M) 
stands for the quantum homology of the ambient manifold M. 

Finally, we also obtain a periodicity result for Ko - Corollary 5.2.6: 

(2) Ko{DJ^uk*{C xM)) = Z 2 [t] ® Ko{DJ^uk*{M)) . 

Here t is a formal variable whose role will become clear in the proof (roughly speaking, different 
powers of t are used to label the iCo-classes associated to different ends of a cobordism, or 
more generally, “ends” of an object of DJ^uk*{C x M)). 


1.4. Relation to previous work. Theorem A can be viewed as a simultaneous generalization 
of the two previously known methods to produce exact triangles in the derived Fukaya category. 

The hrst such method is due to Seidel [Sei2], [Sei3, Chapter HI, Section 17] and, in its basic 
form, it associates an exact triangle of the form: 

(3) tsL^L^S(^ HF{S, L) 

to the Dehn twist ts ■ M ^ M corresponding to a Lagrangian sphere S and any L G C*{M) 
(Seidel works in an exact setting, but as we will see below, this triangle remains valid in the 
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monotone context too. Other cases have been treated in the literature too, e.g. see [Oh3] 
for the case of Lagrangians with vanishing Maslov class in Calabi-Yau manifolds). Seidel 
also considers a Fukaya category J^ukij) associated to a Lefschetz hbration n : E ^ C, 
[Sei3, Sei4]. In our setting, this category corresponds to the full and faithful subcategory of 
Euk*{E) generated by the thimbles Ti. He also proves a decomposition result for this category 
that, in our context, essentially implies the statement of Theorem A in the special case when 
V has a single end. This category is related to mirror symmetry questions [?] and, indeed, 
cobordisms with a single end appear in relation to mirror symmetry, see for instance [HAV]. 
Cobordisms with multiple ends as well as a category somewhat similar to Euk*{E) appear in 
the recent paper [AS]. 

The second method appears in our previous paper [BC3]. It is shown there that if H C 
C X M is a cobordism, then the ends of V are related by a cone-decomposition in DEuk*{M). 
This decomposition coincides with the one in Corollary 5.1.1 below when E is the trivial 
hbration C x M. Nevertheless, we remark that the statement of Theorem A - which concerns 
decompositions of cobordisms - is new even for the trivial hbration. 

The exact triangle associated to a Dehn twist and the exact triangle obtained through the 
cobordism machinery coincide when there is a single and transverse intersection between S 
and L. This can be shown by methods already in the literature. For example, this follows 
from a combination of the results from [Sell] and [BC3] (see also [FOOO, Oh3] for an earlier 
approach). In this case, Seidel’s exact triangle coincides with the surgery exact sequence which 
is associated to a specihc cobordism (in C x M) whose ends are tsL, L, S. This cobordism 
is constructed as the trace of the Lagrangian surgery at the intersection point S' fl L. Theo¬ 
rem A and its proof go beyond this case and further clarify the interplay between these two 
constructions. 

From a technical standpoint, we rely heavily on Seidel’s work [Sei3] - in particular, the 
detailed constructions of DEuk{—), which we adapt to the monotone setting. We also build on 
Seidel’s set-up of Lefschetz hbrations in the symplectic framework in [Sei3, Sei2]. There is also 
a variety of other specihc points where our work is related to his and these are mentioned along 
the text. We also make heavy use of the constructions in our previous papers [BC2, BC3]. 
At the same time, in attempt to keep this text readable we will recall several ingredients 
from [BC2, BC3] that are crucial for the present paper. 

1.5. Outline of the paper. Most of the paper is aimed towards the proof of Theorem A. 
This proof requires two preliminaries. The hrst is contained in §2. That section contains 
the general set-up and terminology concerning Lefschetz hbrations. We introduce a special 
type of such hbrations called tame which are basically Lefschetz hbrations over C that are 
symplectically trivial outside a [/-like region in the plane. (See Dehnition 2.2.2. See also 
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Figure 3 on page 13, where the complement of the t/-like region is denoted by W.) Tame 
hbrations are much easier to handle in the technical parts of the proof. One of the reasons is 
that cylindrical ends can be easily moved around in the trivial region since parallel transport 
is trivial over there. Additionally, the Fukaya A^o category with objects cobordisms in such 
hbrations can be dehned following closely the constructions in [BC3]. In §2.3 we show that 
any Lefschetz hbration with a hnite number of (simple) singularities can be transformed into 
a tame one. As a consequence. Theorem A follows from the corresponding result - stated as 
Theorem 4.2.1 - for tame hbrations. 

The second preliminary is the construction of the Fukaya category J^uk*{E). This is de¬ 
scribed in §3. We hrst give the main elements of the construction when the Lefschetz hbration 
TT : —)■ C is tame. In this case, the construction that appears in [BC3] applies essentially 
without change and we review the main steps. We then indicate the modihcations needed to 
dehne such a category in the general case. In the discussion below we will mainly assume that 
all critical values of the Lefschetz hbration —)■ C lie in the upper half-plane. Moreover, the 
objects in our categories will be cobordisms in E whose projection to C is contained in the 
upper half-plane and that are cylindrical outside some hxed strip [—a, a] x M. (See §3.3, §4.1 
for the precise setting.) 

With this preparation, the actual proof of Theorem A is contained in §4 and it consists 
of three main ingredients. The hrst one deals with decompositions of cobordisms V - called 
remote with respect to - that are included in the total space E' of a Lefschetz hbration that 
coincides with E over the upper half-plane. The dehning property of such a V is that it can 
be moved inside E' away from the critical points of E —)■ C, so that its only intersection with 
an object X of Euk*{E) occurs in the region where both V and X are cylindrical. We show in 
§4.3 that such a remote cobordism viewed as a module over Euk*{E) admits a decomposition 
just as the one in the statement of Theorem A but without any of terms Tj ® Ei. The second 
step, in §4.4, shows how to transform a general cobordism V into a remote one. This is a 
geometric step, potentially of independent interest. It is done, roughly speaking, by placing 

V inside a new Lefschetz hbration E' obtained from E by adding singularities over the lower 
half-plane and showing that the cobordism V C E' obtained as an iterated Dehn twist of V, 

V = {ts^ o ... o TSi o ... o rs'J(V^), where Si are certain matching cycles in E', is remote with 
respect to E. The third ingredient - in §4.5 - is Seidel’s exact triangle for which we provide 
a new proof rehecting our cobordism perspective. These ingredients are put together in §4.6. 
In short, the cobordism V = {ts^ o ... or5j(I4) is remote with respect to E and thus, by the 
hrst step, it admits a certain decomposition involving the ends of V, but as it is obtained by 
an iterated Dehn twist from V, it can be related to V by another decomposition, involving 
the matching cycles Si, by using the relevant Seidel exact triangles. The two decompositions 
combine as in the statement of Theorem A. 
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The Corollaries of Theorem A described above are proven in §5. 

The paper ends with §6 that consists of examples and related discussion. The main part of 
the section - §6.5 - is focused on a class of Lagrangian cobordisms in real Lefschetz hbrations. 

Acknowledgments. The hrst author thanks Jean-Yves Welschinger for useful discussions 
concerning the examples in real algebraic geometry. Part of this work was accomplished 
during a stay at the Simons Center for Geometry and Physics. We thank the SCGP and its 
staff for their gracious hospitality. We thank the referee for carefully reading an earlier version 
of the paper and for remarks that were helpful to improve the exposition. 

2. Lefschetz fibrations 

2.1. Basic definitions. Lefschetz hbrations will play a central role in this paper. From the 
symplectic viewpoint there are several versions of this notion in the literature. Our setup is 
similar to [Sei3, Sei2] but with some modihcations. 

We begin with Lefschetz hbrations having a compact hber. 

Definition 2.1.1. A Lefschetz hbration with compact hber consists of the following data: 

i. A symplectic manifold {E,Qe) without boundary, endowed with a compatible almost 
complex structure Je- 

ii. A Riemann surface (S', j) (which is generally not assumed to be compact; typically we 
will have S' = C). 

hi. A proper (J^, j)-holomorphic map tt : E —)■ S'. (In particular all hbers of tt are closed 
manifolds.) 

iv. We assume that vr has a hnite number of critical points. Moreover, we assume that 
every critical value of tt corresponds to precisely one critical point of tt. We denote 
the set critical points of tt by Grit(7r) and by Gritv(7r) C S the set of critical values 
of TT. Below we will use the words “critical points of n” and “singularities of E” 
interchangeably. 

V. All the critical point of tt are ordinary double points in the following sense. For every 
p G Grit(7r) there exist a local J^-holomorphic chart around p and a j-holomorphic 
chart around 7i{p) with respect to which vr is a holomorphic Morse function. 

For z G S' we denote by E^ = 7r~^{z) the hber over z. We will sometimes hx a base-point 
Zq E S \ Gritv(7r) and refer to the symplectic manifold (M := 7i~^{zo),u)m ■= ^e\m) as “the” 
hber of the Lefschetz hbration. We will also use the following notation: for a subset 5 C S' 
we denote = 7r“^(iS) fl V. 

Our constructions work for the most part also when the hber is not compact. To this 
end we will need some adjustments to the preceding dehnition as follows. Let (M, cjm) be a 
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(non-compact) symplectic manifold which is convex at infinity. We define a Lefschetz fibmtion 
71 : E — > S with fiber {M,ujm) to be as in Definition 2.1.1 with the following modifications. 
Firstly, properness in condition iii is removed (thus allowing, in particular, for the fibers to 
be non-compact). Secondly, the map 7i : E \ 7r“^(Critv(7r)) —> S \ Critv(7r) is now explicitly 
assumed to be a smooth locally trivial fib ration. Finally, E is assumed to satisfy the following 
additional condition. 

Assumption Too (Triviality at infinity). Let tt : E —)■ S be as above. We say that E is 
trivial at infinity if there exists a subset E^ <Z E with the following properties: 

(1) For every compact subset K G S, E^ O is also compact. (In other words, 

—> S is a proper map.) 

(2) Set E°° = E\E^ and E^ = E°^ r\n~^{ zq), where zq G S'\Critv(7r) is a fixed base-point. 
Then there exists a trivialization cf) : S x E^ —> E°° of 7 i\e^ '■ E°° —)■ S such that 

(()*Qe = ujs® and (j)*JE = j ® Jo 

where us is a positive (with respect to j) symplectic form on S and Jo is a fixed almost 
complex structure on M = 7i~^{zo), compatible with ojm ■ 

This extended definition in fact generalizes the preceding one: if M is compact we take 
E^ = E and E°° = 0. From now on, unless otherwise stated, by a Lefschetz fibration we mean 
one with compact fiber that satisfies Definition 2.1.1 or, more generally, with a non-compact 
fiber that is convex at infinity and satisfies the conditions above, including Too. 

Before we go on, we recall again that in this paper all Lefschetz fibrations are assume to 
have positive dimensional fibers. 

Remark 2.1.2. a. The assumption that the fiber of E is either closed or symplectically 
convex was made in order to assure that the fiber is amenable to techniques of sym¬ 
plectic topology such as pseudo-holomorphic curves and Floer theory. (Specifically, 
these conditions assure that holomorphic curves and Floer trajectories cannot “escape 
to infinity”, hence standard compactness results hold for them.) Nevertheless in one 
instance later on in the paper we will drop this assumption and assume instead that 
M is itself the total space of another Lefschetz fibration. 
b. Assumption T^o is a variant of boundary horizontality that appears in [Sei2] and [Sei3]. 

2.1.1. Connections, parallel transport and trails of Lagrangians. To a Lefschetz fibration as 
above we can associate a connection F = F(De) on T\Crit(7r) as follows. The connection F is 
defined by setting its horizontal distribution Ft C T{E) to be the D^-orthogonal complement 
of the tangent spaces to the fibers. More specifically, for every x G T \ Crit(7r) we set 

•H. = G T,(T) I DE(e,w) = 0 ve e Tf{E)], 
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where T^{E) stands for the vertical tangent space at x. 

The connection T indnces parallel transport maps. Let A : [a, b] —> C \ Critv(7r) be a 
smooth path. We denote by IIa : E\(^a) —> -^A(b) the parallel transport along A with respect 
to the connection T. Notice that even when the hber of E is not compact, parallel transport is 
still well dehned. Indeed, thanks to assnmption T^o, the connection T is trivial at inhnity with 
respect to the trivialization <p. In particniar, relative to the trivialization 0, parallel transport 
becomes the identity at inhnity in the sense that (j)~^ o Ha o (j)[X[a),x) = {X{b),x) for every 

X e E'^. 

It is well known that IIa is a symplectomorphism, where we endow the hbers of tt with the 
symplectic strnctnre indnced by Qe) (See e.g. [MS2, Chapter 8], [MSI, Chapter 6].) If A is a 
loop starting and ending at ^ G C \ Critv(7r) then the symplectomorphism IIa : E^ —)■ E^ is 
also called the holonomy of T along A. If the loop A is contractible (within C \ Critv(7r)) then 
the holonomy IIa is in fact a Hamiltonian diffeomorphism of E^ (see [MSI, Section 6.4]). 

Let A : [a, b] — > C\Critv(7r) be a smooth embedding and L C L^A(a) a Lagrangian snbmani- 
fold. Consider the images of L nnder the parallel transport along A, namely := HaIj^ (L) C 
E\{t), t E [a, b] and set 

AT . 

Then XL is a Lagrangian snbmanifold of [E, VLe)- We call XL the trail of L along A. 

We refer the reader to [Sei3] for the fonndations of the symplectic theory of Lefschetz 
hbrations and to [MSI, Chapter 6] and [MS2, Chapter 8] for symplectic hbrations. 

2.2. Lagrangians with cylindrical ends. Let vr : E —)• C be a Lefschetz hbration and 
W C C an open snbset containing Critv(7r). The following terminology is nseful. A horizontal 
ray £ C C is a half-line of the type (— cxd, —a^j x {b(} or [a^, oo) x {6^} with > 0, 6^ G M. 
The imaginary coordinate bi is also referred to as the “height” of £. 

Definition 2.2.1. A Lagrangian snbmanifold (withont bonndary) V C {E,flE) is said to 
have cylindrical ends outside ofU if the following conditions are satished: 

i. For every i? > 0, the snbset V fl 7r“^([—i?, i?] x M) is compact. 

ii. T^iy) nW is bonnded. 

iii. 7r(I/) \ U consists of a hnite nnion of horizontal rays, C C, i = 1,..., r. Moreover, 
for every i we have V\(,^ = iiLi for some Lagrangian Li C E^j^, where cTj G C stands for 
the starting point of the ray and iiLi is the trail of Li along ii as dehned above. 
(Note that we do allow r = 0, i.e. that V has no ends at all.) 

In case all the heights of the rays ii are positive integers bi. G N* the Lagrangian V is called 
a cobordism in E. 
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In short, over each of the rays appearing in 7r(K) \ U the Lagrangian submanifold V is the 
trail under parallel transport of Lj along - see Figure 2. 

The role of the condition ii above is to exclude the possibility that entirely covers 

some of the ends of V. For most of the time we will work with subsets U that are 17-shaped (see 
Figure 6 on page 27), and then condition ii is automatically satished (in view of condition i). 
However, occasionally we will have to consider 7/’s that are not compact in the horizontal 
direction (see e.g. §4.4 and Figure 19), and then condition ii is necessary. 



Figure 2. A Lagrangian V with cylindrical ends outside 7/ in a Lefschetz 
hbration tt : E ^ C with critical values n*. 

The above notion of cobordism extends the dehnition of Lagrangian cobordism as given 
for the trivial hbration E in [BC2]. Note however that this terminology is slightly imprecise 
because we have not specihed a (topological) trivialization of the hbration E —)• C at inhnity 
(and in general there is no canonical trivialization). Moreover, even when one hxes such a 
trivialization the parallel transport along a ray £i might not be trivial (even not at inhnity), 
hence the actual ends of V at inhnity are not well dehned. In view of that, we will often 
work with a restricted type of Lefschetz hbrations, called tame, where this imprecision is not 
present and that have a number of additional technical advantages. We will see later on that 
this does not restrict the generality of our theory. 

Definition 2.2.2. Let vr : E —> C. Let 17 C C be a closed subset, let zq ^ C \ 17 be a base 
point and {M,um) be the hber over zq. We say that this Lefschetz hbration is tame outside 
of U if there exists a trivialization 


'4^e,c\b ■ {C\U) X M —y E\c\u 

such that = cue ®x)m, where cue is the standard symplectic structure on C = 

and c > 0 is a constant. The manifold {M,um) is called the generic hber of vr. 
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It follows from the definition that all the critical values of tt must be contained inside U. 
Sometimes it will be more natural to £x the complement of U, say W = C\U, and say that 
the fibration is tame over W. Given a tame Lefschetz fibration, the set U = Ue-, the point zo 
and the symplectic trivialization 'iI’e,c\b, are all viewed as part of the hxed data associated to 
the hbration. 

Moreover, we will assume that the set U = Ue is so that there exists au > 0 sufficiently 
large with the property that U is disjoint from both quadrants: 

(4) = (- 00 , -au] X [0, +cx)) , = [au, oo) x [0, +cx)) 

The cobordism relation, as dehned in [BC2], admits an obvious extension in a tame Lefschetz 
hbration. 

Definition 2.2.3. Fix a Lefschetz hbration that is tame outside U <Z C with hber {M,u) over 
Zq E C\U. Let (Lj)i<j<fc_ and (T')i<j<A;+ be two families of closed Lagrangian submanifolds 
of M. We say that that these two families are Lagrangian cobordant in E, if there exists a 
Lagrangian submanifold V (Z E with the following properties: 

i. There is a compact set K Z E so that V DU Z V O K and V \ K Z U Qu)- 

ii. V = ]J^.([at/,+cx)) x {j}) x E- 

hi. V n 7r-\Q~) = Ui((-oo, -au] x {i}) x E 

The formulas at ii and hi are written with respect to the trivialization of the hbration over 
the complement of U. 

The manifold V is obviously a Lagrangian cobordism in the sense of Dehnition 2.2.1 and - 
because of tameness - its ends at oo are well dehned so that we can say that G is a cobor¬ 
dism from the Lagrangian family (L') to the family {Li). We write V : (L') (Lj) or 
{V;{L,),{Lr)). 

2.3. From general Lefschetz fibrations to tame ones. We will now see that it is always 
possible to pass from a general Lefschetz hbration tt : E —> C, as in §2.1, to a tame one. 

Proposition 2.3.1. Let tt : E —)■ C be a Lefschetz fibration and let fif Z C be an open subset 
that contains all the critical values of tt and has the shape depicted in Figure 3. Let W Z C be 
another open subset of the shape depicted in Figure 3 with W fl A/” = 0 and dist(>V,A/') > 0. 
Then there exists a symplectic structure fl' = fl'^on E and a trivialization (p : Wx M —> 
E\yy with the following properties: 

(1) On yV X M we have ip*fl' = cure © wjm for some c > 0. 

(2) G' coincides with Qe on all the fibers of tt. 

(3) ft' = ftE on tt~^{N'). 
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(4) There exists an Q,'-compatible almost complex structure J'^ on E which coincides with 
Je on and such that the projection n : E —> C is {J'^,i)-holomorphic. 

In particular, when endowed with the symplectic structure the Lefschetz fibration vr : E —> 
C is tame over W. 



Figure 3. A Lefschetz fibration vr : —)• C; the domains J\f and W and, in 

red, the critical values of vr. 


Remark 2.3.2. It is easy to pass from a cobordism in a general Lefschetz hbration to a cobor- 
dism in a tame hbration. 

Indeed, let vr : —)■ C be a Lefschetz hbration and V G E & Lagrangian submanifold 
with cylindrical ends. Let A/" C C be a subset as in Proposition 2.3.1 and assume that V 
has cylindrical ends outside of A/"', where M' C A/" is a slightly smaller subset than M which 
contains Critv(7r) and is of the same shape as A/”. Denote the horizontal rays corresponding 
to the ends of D by C C, i = 1,... ,r and by Lj C E^^- the corresponding Lagrangians 
over the starting points of these rays. Let W C C be a subset as in Proposition 2.3.1 and 
consider the new symplectic structure D' on E provided by that proposition. By performing 
parallel transport of the L^s along the horizontal rays ii, but this time with respect to the 
connection corresponding to {E, D') we obtain a new Lagrangian submanifold V G {E, D') 
with the following properties: 

i. V coincides with V over A/". 

ii. V has cylindrical ends outside of A/". 
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iii. Over W, V’ looks like 

v'\w = uLi«' X L'„ 

where £' = fl kV and L' is the image of the parallel transport of Lj (with respect to 
the connection r(f2')) along the portion of ii that connects TV' with >V. 

2.3.1. Preparation for the proof of Proposition 2.3.1. Let {M,uj) be a symplectic manifold, 
Q C C an open snbset and f : Q x M — > M a smooth fnnction. We denote hy z = yi + iy 2 
the standard complex coordinate in C. Let a = = {(3z}z&q be two families of 

1-forms on M, parametrized hy z E Q (alternatively we can view a, ft as differential forms on 
Q X M with tt(^) = /9(^) = 0). For z E Q, p E M we write az,p for the restriction of 
to Tp{M) and similarly for ft. We denote by the exterior derivative of differential forms on 
Q X M in the M-direction (i.e. {d^a)z = d^{az), where d^ is the exterior derivative in M.) 
Below we will abbreviate the partial derivatives by dy^. 

Consider now the following 2-form on Q x M 

-f a A dyi + ft A dy2. 

A simple calcnlation shows that: 

Lemma 2.3.3. dosed iff d“a = = 0 and d"f = dy^a — dy^^f. 

Dehne now two families of vector helds mqWo on M (parametrized by the points of Q) as 
follows. For every z E Q, p E M, dehne Uo{z,p),Vo{z,p) E Tp{M) by reqniring that for every 
f E Tp{M) we have: 

(5) ujp{f, uo{z, p)) -F az^piO = 0, Up{f, vo{z, p)) + (3z,p{C) = 0. 

Denote by "H C T(Q x M) the following 2-dimensional distribntion: 

(6) 'Hz,p := R{^^+Uo{z,p)) +R{^^+Vo{z,p)). 

Note that PL depends on u, a, jS bnt not on /. 

The following two lemmas can be proved by direct calcnlation. 

Lemma 2.3.4. For every {z,p) E Q x M, f E Tp{M) and w E PLz,p we have = 0. 

In particular, ifVtP°‘’^ is non-degenerate then Pi is the horizontal distribution of the connection 
induced by 

Lemma 2.3.5. Assume that f{z,p) 7^ Up{uo{z,p),Vo{z,p)) for some {z,p) E Q x M. Then 
is non-degenerate at {z,p). Moreover, there exists an f2h“’^-compatz6/e complex struc¬ 
ture Jz,p on Tz^piQ X M) such that the projection Q x M —> Q is {Jz,p,i)-holomorphic at 
{z,p) if and only if f{z,p) > ujp{uQ{z,p),vo{z,p)). 
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2.3.2. Proof of Proposition 2.3.1. 

To fix ideas, we first provide the proof in the case of compact hbre. 

Step 1. Using parallel transport with respect to the connection Tfj^ along a system of cnrves 
in C \ A/” emanating from a hxed point zq G W, and nsing the fact that C \ A/" is contractible 
we obtain a trivialization 

with M = 7T~^{zo) and with the property that the form f2i := (p*flE admits the following form 

(7) ffi = fdyi A dy 2 + a A dyi + ft A dy 2 + cu, 

where u = Q.\m and / : (C \ AT) x M —> M is a smooth fnnction, and a,/3 are vertical 
1-forms on (C \ A7) x M with the property that for every z G C\J\f the 1-forms = a\zxM, 
l3z = I3\zxm are exact (see § 8.2 of [MS2] and § 6.4 of [MSI] for a proof of that). Fix two 
fnnctions F,G : (C \ JJ) x M —)■ M snch that a = dAF^ j3 = dAG. 

By Lemma 2.3.3 we have: 

( 8 ) d'^f = dy^a - dy,p. 


Apart from W and Af we will £x three additional open snbsets We, AC, A/ 2 e with 

W C We, AT C AC, ATe C ACe, 

and with shapes as described in Fignre 4. To be more precise, consider the cnrves 71 , 72,73 C C 
depicted in Fignre 4. The domain AC is dehned to be the connected component of C \ 71 in 
which all the points have bounded real coordinate. The domain ACe is dehned similarly but 
with the curve 71 replaced by 72 . The domain We is defined as the connected component 
of C \ 73 in which the real coordinate of the points is unbounded. We also require that 
dist(We,A 72 e) > 0 . 


Step 2. We will modify now the form in the following way. Fix a smooth function 
a : C —> [0,1] such that: 


(9) 


a{z) 


1 Z E ACe, 
0 z eW^. 


Dehne g : C x M —> M by 

(10) g{z,p) = dy^{a)F{z,p) - dy,{a)G{z,p). 
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Then we have: 

(11) g{z,p)=0 VzeA/ 2 eU>Ve. 

Next, choose a function A : C —> M with the following properties: 

(A.l) A{z) > 0 for every z e C. 

(A. 2 ) A{z) = 0 for every z e M- 

(A.3) A{z) > \g{z,p)\ for every z ^ C, p e M. 

(A.4) Let Uo,Vo be the vector fields associated to the form from (7) using the 

recipe from (5). We require that 

A{z) > a{z)\f{z,p) - a{z)ujp{uo{z,p),vo{z,p)) \ + \g{z,p)\ 

for every z G C \ A 2 e, P ^ M. 

(A.5) A(z) = C for every z G W, for some constant C > 0. 

The role of the function A is to flatten the form f2i on W, so it is split there, while ensuring 
non-degeneracy. Such a function A can be constructed as follows. We start by defining a 
function A' : C —?• M which is positive and satisfies condition (A.4) (with A'{z) on the left- 
hand side of the inequality). Such a function obviously exists because M is compact. We then 
cut A' off to make it 0 on AC and constant on W, where the cutting off takes place within 
A 2 e — AC and within We — W, where the function (7 is 0 anyway. It is easy to see that the 
cutting off can be done in such that the inequality in (A.4) continues to hold and similarly 
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for (A.3). The function resulting from N after this procedure can be taken to be the desired 
function A. See Figure 5. 



Figure 5. The functions a, A and g. 


Finally, define: 

f{z,p) := a{z)f{z,p) + g{z,p) + A{z), 

( 12 ) := a{z)a^^p = d''{a{z)F)^^p, 

P'z,p ■= (^{z)Pz,p = d\a{z)G)^^p. 

Consider now the form 

(13) ^2 := = f'dyi A dy 2 + a /\ dyi + f3' A dy 2 + oo. 

Note that 122 coincides with hli over a small neighborhood of Af and therefore 122 gives rise 
via the trivialization ip to & well defined 2-form hi' over the whole of E. Moreover hi' coincides 
with n on 7r~^{J\f). 

We claim that hi' is a symplectic form on E and that it satishes all the properties claimed 
by Proposition 2.3.1. 
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We first show that f 22 is closed using Lemma 2.3.3. Indeed 

(Tf' = acT f + (Tg = ady^{a) — ady^{(5) + (Tg 

= dy^{aa) - dy^{a/3) + {(Tg - dy^{a)a + dy^{a)l3) 

= dy^{a') - dy,{(5'). 

Here the last term (between the brackets) on the second line vanishes by (10). 

We now prove that 112 is non-degenerate and moreover admits a compatible almost complex 
structure J' for which the projection C x M —> C is (J', i)-holomorphic. Note that with the 
notation from (5) and (6) the effect of replacing a and (5 hj a' = aa and (3' = ajS results in 
changing the vector helds UoWo to l’q = avQ. Thus by Lemma 2.3.5 we only need 

to check that: 

(14) f'{z,p)>u:p{v!Q{z,p),v'Q{z,p)) ypeM,zeC\Af. 

We have: 

, , f'iz,p) - uJp{uq{z,p),Vq{z,p)) = a{z)f{z,p)+g{z,p) + A{z) - a^{z)ujp{uo,vo) 

( 1)1 

= {f{z, p) - (T{z)ujp{uQ, no)) + {g{z, p) + A{z)). 

We denote by Ti = a{z)[f{z,p) — a{z)up{uo,Vo)'j the hrst term on the last line of (15) and 
by T 2 = g{z,p) -f- A{z) the second one. 

We hrst verify (14) over 7 r“^(>Ve). Indeed, when z G We we have a{z) = 0 hence Ti = 0. 
By the construction of the function A we have T 2 > 0, hence Ti -|- T 2 > 0. 

Next we check (14) over Let x G A 2 e\^ andp G M. Note that a{z) = 1 hence 

Ti = f{z,p) — Up{uo{z,p),vo{z,p)) > 0 by Lemma 2.3.5. Since T 2 > 0 we have Ti -|- T 2 > 0. 

Finally, the inequality (14) for x G C \ (A/ 2 e U We) follows easily from requirement (A.4) in 
the construction of the function A. 

To hnish the proof, we turn to the case of a non-compact hbre. Thus we assume the 
conditions in §2.1 and, in particular, assumption Too. The proof above applies in this case 
too, and we will preserve all the notation above, but there are a number of adjustments that we 
describe below. Recall the set E°° that appears in the assumption Too and put = Mr\E°°. 
Recall also that, as before, M = 7i~^{zo). Let 

4>:CxM°° ^ E^ 

be the trivialization provided by Too. Consider also the restriction of this trivialization to 

C\Jf: 

( 16 ) 4'X ^ 

and put 00 : —>■ M“, 0o(p) = 0(^o,p)- 
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Consider also the map (p constructed at the Step 1 above and its restriction: 

which is well dehned due to Assumption Too- 

For brevity, write fl = Qe- Given that the connection associated to is trivial on 
(C \ AT) X M°°, we deduce that (p{z,p) = 0o ^(p)) for all 2 ; G C \ AT, p G M“. Therefore 

‘/’*^l(C\A/’)xM” = cue © W. 

Recall that over (C \ A/”) x M the form hli = ip*VL can be written as 

rii = cu + a A dyi + /3 A dy 2 + fdyi A dy 2 ■ 

This means that a, fd vanish over (C \ A/”) x and / is constant there. Therefore, we can 
choose the functions F, G so that they both vanish on (C \ A^) x M°°. Starting from this 
point the remainder of the proof continues as in the compact hbre case by using the fact that 
g{z,p), as well as a', /3', Uo{z,p), Vo{z,p) all vanish over (C \ AT) x M“. 

Recall now the forms 172 and 17' (dehned by formula (13) and the paragraph following it). 
Summing up the preceding discussion, the form 172 hence also 17' satishes 0*17' = B{z)u!c ©tu 
over C X M°°, where B{z) is positive and bounded. By adding to 17' another term of the form 
D{z)7t*ujc we obtain a form that satishes all the properties claimed in Proposition 2.3.1 as 
well as the assumption Too- (The role of adding the last term is to ensure that property (1) 
in Proposition 2.3.1 is satished.) □ 


3. Fukaya categories 

The purpose of this section is to introduce the various Fukaya categories that play a role in 
the paper. We start with a brief sketch of the construction of the Fukaya category Buk* (M) of 
uniformly monotone, closed Lagrangian submanifolds of a symplectic manifold (M, u) which 
is assumed to be either closed or convex at inhnity. The full construction in the exact case 
can be found in [Sei3, Sections 8-12] (the minor adjustments required in the monotone case 
are described, for instance, in [BC3]). In §3.3, we pursue with the construction of the Fukaya 
category Buk*{E) of uniformly monotone cobordisms in a tame Lefschetz hbration tt : F —)• C 
of generic hber (M, u). This follows closely §3 of [BC3] where this construction is implemented 
for the trivial hbration F = C x M. The passage from a trivial hbration to a tame one is 
quite straightforward but we provide enough details on this construction as required for further 
arguments later in the paper and also to ensure that the notions involved are accessible to 
a reader without prior detailed knowledge of the techniques in [BC3]. In §3.4 we use the 
construction in the tame setting together with the results in §2.3 to dehne a Fukaya category 
associated to a general Lefschetz hbration. 
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In the definition of the various algebraic objects used in the paper there are two coefficient 
rings of interest, Z 2 and the universal Novikov ring A over Z 2 : 

00 

A = { N cbk G Z 2 , Xk £ 1^5 lim A^; — y oc } . 

fc->oo 

k=0 

We work over A at all times except if otherwise indicated. 

3.1. The Fukaya category of M. The main structures in use in the paper are the Fukaya 
category, A'uk*{—), and the derived Fukaya category, DJ^uk*{—). Here * encodes a uniform 
monotonicity constraint imposed to the objects of J^uk*{M). This constraint is necessary to 
define the Hoo-operations. 

The book [Sei3] is a comprehensive reference for the basic definitions of the Hoo machinery 
as well as the construction of the Fukaya category and its derived version. Our notation - 
which is homologicah, in contrast to Seidel’s which is cohomological - is the same as in [BC3], 
see in particular the Appendix to that paper. There is a single difference with respect to [BC3] 
which is that we use here the universal Novikov ring A in the place of Z 2 . As we shall see, 
this is not a matter of choice, rather a requirement for a certain part of our results to hold. 
We emphasize that in the construction of DJ^uk*{—) we do not complete with respect to 
idempotents. Moreover, as in [BC3] we work in an ungraded context. 

Fix a symplectic manifold {M,u), compact or convex at infinity. Given a closed Lagrangian 
submanifold L C M there are two morphisms 

fi 7r2(iH, T) —y Z , cj ; 7r2(Af, T) —y M 

given, the first, by the Maslov index and, the second, by integration of u. We say that L is 
monotone if uj{a) = for some constant p > 0 and if the number 

Nl = min{/i(a) : a E 7 r 2 (M, L) , u{a) > 0} 

is at least 2 . 

Note that we do allow p = 0 in the definition of monotonicity. This means that uj vanishes on 
'7i2{M, L) (such Lagrangians are sometime called weakly exact). In this case we set = 00 . 

For a connected monotone Lagrangian L and for a generic almost complex structure J 
compatible with cu, the number (mod 2) of J-holomorphic disks of Maslov number 2 that pass 
through a generic point of L is an invariant (in the sense that it does not depend either on 

^Since we work in an ungraded setting, the difference between homological and cohomological might seem 
invisible. However, our Floer homologies correspond to Morse homology rather than cohomology. In particular 
the unity in HF{L,L) corresponds to the fundamental class of L etc. Apart from that, the ordering of the 
terms in the higher operations fXk is opposite to Seidel’s and our conventions for the Yoneda embedding differs 
from Seidel’s. This is all described in detail in the Appendix to [BC3]. 
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the point or on the choice of J). It is denoted by di (and is dehned in detail, for instance, in 
[BCl]). Note that in case p = 0 we set = 0 by dehnition. 

In order to dehne the Fukaya category of M we hrst need to specify its underlying class of 
Lagrangian submanifolds. In what follows we will mainly consider two classes of Lagrangians 
£(o)(M) and which are dehned as follows: 

a. The class this class consists of all closed monotone Lagrangians L C M with 

di = 0. This includes in particular all Lagrangians with > 3 as well as the case 

p = 0. 

b. Class consists of all the closed monotone Lagrangians L <Z M with di = 1 

and with monotonicity constant p, where p > 0 is a prescribed positive real number. 

Of course one could restrict also to some subclasses of the above. For example, when M 
is exact it makes sense to restrict to the subclass C of exact Lagrangian 

submanifolds. 

To simplify the notation will denote any of these two choices by C*{M), where the symbol 
* stands for either (0) in the hrst case, or for (p, 1) in the second case. Lagrangians in the 
class C*{M) will be called uniformly monotone of class *. 

In what follows we will work also with uniformly monotone negatively-ended Lagrangian 
cobordisms in the total space of a Lefschetz hbration E —)■ C. Similarly to the Lagrangians 
in M we will denote the various classes of uniformly monotone Lagrangian cobordisms in E by 
C*{E), where the dehnition of these classes is the same as above except that the Lagrangians 
in E are not assumed to be compact. 

Floer homology will be taken in this paper with coefficients in the Novikov ring A and its 
dehnition will be shortly reviewed below. It was introduced by Floer in [Flo] and, in this 
monotone setting, by Oh [Ohl, Oh2]. 

Remarks. a. In contrast to [BC3] there is no injectivity condition on the inclusions vri(L) — 
ni{M) (this is because the coefficient ring is A and not Z 2 ). 

b. In case there exists a spherical class A G tt 2 {M) with u}{A) > 0, the monotonicity 
constant p is determined by the proportionality constant between [cj] and the hrst 
Chern class of the ambient symplectic manifold. Thus in this case there is only one 
class of the type 

The Fukaya Aoo-category Euk*{M) has as objects the Lagrangians in C*{M), 

Ob{Euk*{M)) = C*{M) . 

Let L, L' G C*{M) and assume for the moment that L and L' intersect transversely. In this 
case, the Floer complex, {CE{L, L'] J),d), associated to L and E is dehned by choosing a 
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regular almost complex structure J compatible with u and is a free ^-module with generators 
the intersection points of L and L'. In this paper CF{L, V) is a complex without grading. 

The differential d is dehned in terms of J-holomorphic strips u : M x [0,1] —)■ M with 
m(Mx {0}) C L, m(Mx {!}) C L' and hms_)._oo u{s, t) = x & LnL', lim^^+oo u{s, t) = y E LnV. 
We have: 

y ueMo{x,y) 

where the sum is over all the intersection points y E LnL' and M.q{x, y) is the 0-dimensional 
subspace of the moduli space of J-strips u joining x to y. Uniform monotonicity is used to 
show that = 0 . 

The homology of this complex, HF{L, L'), is the Floer homology of L and L'. It is inde¬ 
pendent of J as well as of Hamiltonian perturbation of L and of L'. 

The morphisms in Fuk*{M) are MoYjruk*(M){L, L') = CF{L,L'). The Aoo structural maps 
are, by the dehnition of an Hoo-category, multilinear maps 

fik : CF{L,, L 2 ) ® CF{L2, L 3 ) ® ® CF{Lk, ^ CF{L^ ; Lk+l) 

that satisfy the relation y o y, = • • • 5 • 5 ~) ~) = 0. In our case, these maps are 

such that yi = d = the Floer differential and, for A: > 1, /i^. is dehned by: 

(17) E 

y ueMo{xi,...,xk-,y) 

Here, at least when the L^s and L are in general position, Xj G L* fl Tj+i, y E LiH Lk+i and 
M.q{xi, ... ,Xk;y) is the 0-dimensional moduli space of (perturbed) J-holomorphic polygons 
with k + 1 sides that have k “inputs” asymptotic - in order - to the intersection points Xi 
and one “exit” asymptotic to y. Monotonicity is used to show that the sums in (17) are well 
dehned over A. The relation y o y = 0 extends the relation = 0 . 

This is just a rough summary of the construction as, in particular, the operations yk have 
to be dehned for all families Li,..., Lk+i and not only when Li, Lj+i, etc., are transverse. In 
reality one has to add perturbation terms to the Cauchy-Riemann equation that come from 
Hamiltonian functions associated to each vertex of the polygon and the asymptotic conditions 
Xi, y, are replaced by trajectories 7 ,, 7 of the hows of these Hamiltonian functions that start 
on Li and end on Lj+i, respectively start on Li and end on Lfc. Moreover, the regularity of 
these moduli spaces depends on a number of choices of auxiliary data, basically a coherent 
system of strip-like ends and coherent perturbation data. We refer to [Sei3] for the actual 
implementation of the construction which is considerably more involved. Additionally, these 
notions are made more precise in §3.3 where we discuss in more detail some of the ingredients 
used in the construction of a Fukaya category Fuk*{E) with objects certain cobordisms in E. 
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Consider next the category of Aoo-modules over the Fukaya category 

mod{J^uk*{M)) := fun{J^uk*{M),Ch°^) 

where is the opposite of the dg-category of chain complexes over A. The category 

of Aoo-modules is an Aoo-category in itself (in fact a dg-category) and is triangulated in 
the Aoo-sense with the triangles being inherited from the triangles in Ch (where they cor¬ 
respond to the usual cone-construction for chain complexes). There is a Yoneda embedding 
y : yuk*{M) —)■ mod{yuk*{M)), the functor associated to an object L G C*{M) being 
CF{—,L). The derived Fukaya category DFuk*{M) is the homology category associated to 
the triangulated completion of the image of the Yoneda embedding inside mod{Fuk*{M)). 

3.1.1. Iterated eone deeompositions. We now briefly £x the notation for writing iterated cone- 
decompositions in a triangulated category C. Suppose that there are exact triangles: 

Ci+i Zi ^ ZiJ^i 

with 1 <i <n and with X = Zq = Cq. We write such an iterated cone-decomposition 

as 

Y = {Cn+l —)■ {Cn —)■ {Cn-l Cq)) . . .) . 

With this notation 

Zk = {Ck —)■ (Cfc-i Co))...) . 

We also notice that we can in fact omit the parentheses in this notation without ambiguity. 
This follows from the following equality of the two iterated cones: 

((A ^ B) ^ C) = {A^ {B ^ C)) . 

In turn, this follows immediately from the axioms of a triangulated category together with 
the fact that we work here in an ungraded setting (the formula can also be easily adjusted to 
the graded case). In short, we will write: 


Y — {Cn+l —)■ Cn —)■ Cn-l Cq) . 

There is a slight abuse of notation in the above formula in that, in the absence of the relevant 
parentheses, the arrows in the formula do not independently correspond to morphisms in the 
category C. The formula should be interpreted as saying that Y can be expressed as an 
iterated cone attachment with the objects Co, ..., Cn+i as described above. 
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3.1.2. The Grothendieck group. The Grothendieck group of a triangulated category C is the 
abelian group generated by the objects of C modulo the relations generated by S = A + G as 
soon as 

A^B 

is an exact triangle. We denote the Grothendieck group of C by Ko{C). Notice that, with our 
terminology, if 

Ll = {Ln Ln-I —T„_2 L2), 

then, because we work in an ungraded setting, in Kq{C) we have the relation Ln + Ln-i +... + 
Li = 0. Notice also that, due to the same reason, our version of Kq{C) is always 2-torsion, 
i.e. 2^4 = 0 for every A E I^o(C). 

The main Grothendieck groups of interest in this paper will be those of derived Fukaya 
categories KoDJ^uk*{—). 

3.2. Strongly monotone Lefschetz fibrations. In order to define a Fukaya category of 
cobordisms in a Lefschetz fibration that is suitable for our needs we need to impose additional 
conditions on the Lefschetz hbration. These will ensure that all the thimbles and vanishing 
spheres are monotone Lagrangian submanifolds (with the right monotonicity paramters) in 
their respective ambient manifolds and so can be included as objects in the same Fukaya 
categories. 

Let vr : E —> C be a Lefschetz fibration as in Definition 2.1.1. Fix a base point zq E C 
and let M = 7i~^{zo) be the fiber over zq, endowed with the symplectic structure uj = De|m 
induced from E. Denote hy xi,... ,Xm ^ E the critical points of vr and by ui,...,Um G C the 
corresponding critical values of tt. Fix m smooth paths Ai,..., Am C C such that for every k 
Xk starts at Vk and ends at Zq and such that except of their end points none of the paths Xk 
passes through the critical values of tt. Denote hy Si,..., Sm M the Lagrangian vanishing 
spheres associated to the paths Ai,..., Am- 

Definition 3.2.1 (Strongly monotone Lefschetz fibrations). We say that tt : E —)• C is a 
strongly monotone Lefschetz fibration if the following conditions holds: 

(1) In case dimiRM > 4 we require that M is a monotone symplectic manifold, that is 
UJ = 2pci on 7i2{M) for some p > 0. 

(2) In case dims M = 2 we require that {E, Qe) is a monotone symplectic manifold. Note 
that this implies that M is monotone too and we define p as in point (1) above. 

In addition to the above we also make the following assumptions. Denote by G Z>o the 
minimal Ghern number of M. Then: 


(i) If p = 0 set de = 0 and * = (0). 


LAGRANGIAN GOBORDISM IN LEFSCHETZ FIBRATIONS 


25 


(ii) If p > 0 and c™™ = 1 then we require that ds^ = ■ ■ ■ = ds^ (see Page 20 for what ds^ 
is). Denote the latter number by dg G Z 2 . In case = 0 set * = (0) and if dg = 1 
set * = (p, 1 ). 

(iii) If c™™ > 1 set = 0 and * = (0). 

We will refer to * from Dehnition 3.2.1 as the monotonicity class of the Lefschetz hbration 
E. By Proposition 3.2.3 below it depends only on the hbration E. In §3.3 below we will set 
up the Fukaya category of (negative ended) cobordisms in E and the monotonicity class * 
will be used in order to constrain the class of Lagrangian cobordisms that are objects of this 
category. 

We will make one exception to the dehnition above, namely when E has no critical values at 
all, i.e. E ^ E-X M is the trivial hbration. In this case we only assume that M is a monotone 
symplectic manifold and will choose the monotonicity class * to be arbitrary subject to the 
restrictions made on page 21 in §3.1 above. See also Remark 4.3.2 below. 

Remark 3.2.2. It is easy to see that when dimjR M > 4, (M, u) is monotone ih {E, VLe) is mono¬ 
tone and in that case c™™(i?) = c™™(M). This is so because under this dimension assumption, 
the map induced by inclusion 712 (M) —)• tt 2 {E) is surjective. Apart from that we also have 
ci{E)\h2(^m) = ci(M). Moreover, as will be seen in the proof of Proposition 3.2.3 below, the 
monotonicity of the symplectic manifold {E^VLe) implies that the spheres Si,..., Sk d M are 
all monotone (even when dimRM = 2 ). 

Proposition 3.2.3. The Definition 3.2.1 is independent of the choice of paths Ai,..., A^- 

Let E be a strongly monotone Lefschetz fihration and T a thimble over any path 7 (that 
starts at a critical value of n). Then T is monotone with minimal Maslov number 2c“™(£') 
and monotonicity ratio p. If moreover, 7 is horizontal at —00 (or -|-cx) ) and S is the Lagrangian 
sphere associated to the end ofT then we also have dx = dE = ds. In particular, both T and 
S are monotone of class * in their respective ambient manifolds. 

Proof. That all thimbles are monotone follows easily from the fact that T is simply connected 
and that {E, Qe) is a monotone symplectic manifold. 

Denote now by Tx,^ the thimble over the path A^. Since Txj. is monotone then so is Sk 
because ci{E)\h2(^m) = ci(M). 

We now turn to the hrst statement in the proposition. This follows from the fact that if 
we change the given set of paths Ai,..., A^ by another set X (,then each of the new 
vanishing spheres S'(, is the image of Sk under some symplectic diffeomorphism of M (which 
is in fact, up to symplectic isotopy, a certain composition of Dehn twists and their inverses 
along the spheres Si,..., Sm)- Therefore, the monotonicity of is preserved and so is the 
value of dc/. 
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Finally, let T be a thimble over a path 7 which is horizontal at ±00. By the results of [Che] 
(see also [BC2, Remark 2.2.4]) with obvious adaption to Lefschetz hbrations it follows that 
dr = ds, where S is the Lagrangian sphere associated to the end of T. Since S' is a vanishing 
sphere we have ds = dE- □ 

Remark 3.2.4. The procedure from Proposition 2.3.1, that modihes the symplectic structure 
on a Lefschetz hbration to render it tame, does not affect the property of being strongly 
monotone. This is so because, in the notation of Proposition 2.3.1, the map induced by the 
inclusion vr2(7r“^(A/')) —)■ t^ 2 {E) is sji isomorphism. 

From now on, we will generally assume that our Lefschetz fibrations are strongly monotone. 

3.3. The Fukaya category of negative ended cobordisms in tame Lefschetz fibra¬ 
tions. We consider a strongly monotone Lefschetz hbration tt : F —)■ C that is tame outside 
U gC and has as generic hbre the symplectic manifold {M,u). We will also assume that U 
is t/-shaped, as in Figure 6, and that 

(18) f/ C M X [0, +cxd). 

The main object of study in this paper is the Fukaya category iFuk*{E), where * is the 
monotonicity class of E and has been set in Dehntion 3.2.1. It has as objects the cobordisms 
V as in Dehnition 2.2.3 such that the following additional conditions are satished: 

i. R is monotone in the class *. 

ii. V C 7r“^(]R X [|,+oo)) 

hi. V has only negative ends that all belong to C*{M). In particular, with the notation 
from Dehnition 2.2.3, /c+ = 1 and Lj = 0. 

This family of Lagrangians of E with the properties above will be denoted by C*{E). In 
other words, Oh{Euk*{E)) = C*{E). Such an object is represented schematically in Figure 6. 

We call the objects V G C*{E) negatively-ended cobordisms: they are cobordisms from the 
void set to a family (Li,..., Lg). 

Remark 3.3.1. a. In this paper we restrict ourselves to negatively-ended cobordisms but 
this is more a matter of convenience than of necessity. Some of the arguments in 
the paper are simpler in this setting but the same type of constructions allow the 
dehnition of a Fukaya category with both negative and positive ends. Similarly, our 
decomposition results can also be adapted to this more general setting. We do not 
require V to be connected. Notice also that every Lagrangian cobordism V G E 
that contains positive ends can be transformed to a negatively-ended cobordism by 
e.g. bending its positive ends along curves that turn to the left, then go above the 
singularities of E and continue horizontally to —00. 
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I 



Figure 6. The projection on C of an object V G Ob{J^uk*{E)) together with 
the set U outside which E is tame. 

b. We remark that our notation C*{E) and Euk*{E) somewhat differs from the one 
used in [BC3]. In that paper we studied Lagrangian cobordisms in trivial hbrations 
E = C X M and denoted by CCd{C x M) the collection of monotone Lagrangian 
cobordisms in C x M (with possibly negative and positive ends). The corresponding 
Fukaya category was denoted by Euk'j^^iE. x M). Thus, in the present paper, we could 
have denoted our C*{E) by and Euk*{E) by Euk*^^^\E), but we have 

decided to drop the additional decorations in order to keep the notation simpler. 

The operations fik of the Fukaya category Euk*{E) are dehned following closely the con¬ 
struction in [BC3] which is basically a variant of the set-up in Seidel’s book [Sei3, Sections 8- 
12]. We review here the technical points that will be needed later in the paper. We will hrst 
focus on the case when M is compact and we will discuss the additional modihcations required 
when M is convex at inhnity at the end of the construction. There are two structures that 
need to be added compared to the construction of the category Euk*{M): transition functions 
associated to a system of strip-like ends and profile functions. As always, the operations Hk 
are dehned in terms of counting (with coefficients in A) perturbed J-holomorphic polygons 
u. The role of the transition functions is to allow such u to be transformed by a change of 
variables into curves v that project holomorphically onto certain regions of C. The role of the 
prohle functions - and particularly that of their bottlenecks - is to ensure compactness at inhn¬ 
ity for the Floer complexes CE{V, V) and to further restrict the behavior of the J-polygons 
u. We explain this point, which is crucial for the arguments used later in the paper, at the 
end of 53.3. 
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3.3.1. Transition functions. We first recall the notion of a consistent choice of strip-like ends 
from [Sei3, Sections 8d, 9g]. Fix k > 2. Let Conffc+i(c?Zl) be the space of conhgurations of 
{k -|- 1) distinct points {zi ,..., Zk+i) on dD that are ordered clockwise. Denote by Aut{D) = 
PLS{2,M.) the group of holomorphic automorphisms of the disk D. Let 

7 ^^+l = Confk+i{dD)/Aut{D) , = {Conik+i{dD) x D)/Aut{D) . 

The projection 7?.^+^ has sections • • • > ..., ^fc+i), z*], i = 1,..., fc -|- 1 

and let The hber bundle —)■ is called a universal family 

of {k + l)-pointed disks. Its hbers Sr, r E are called {k + l)-pointed (or punctured) 

disks. 

Let = [0,oo) X [0,1], Z~ = (—cx),0] x [0,1] be the two inhnite semi-strips and let S 
he a. {k + 1) pointed disk with punctures at (zi ,..., Zk+i). A choice of strip-like ends for S 
is a collection of embeddings: ef : Z~ -E S, 1 < i < k, : Z^ —)■ S that are proper and 
holomorphic and 

{ef)~^{dS) = (—oo, 0] X {0,1}, lim ef (s, t) = Zi, V1 < i < fc, 

s^—oo 

(ef+i)"^(a^) = [0,cx)) X {0,1}, lim ef+i(s,t) = zu+i- 

S^OO 

such that the ef’s have pairwise disjoint images. A universal choice of strip-like ends for 
5^+^ —> is a choice of fc -|- 1 proper embeddings ef : x —)■ 5^+^, i = 1,... ,k, 

ef+i : TZ^^^ X Z^ -E such that for every r G IZ^^^ the restrictions ef |rxz± consists of a 
choice of strip-like ends for Sr- See [Sei3, Section 9c] for more details. In the case fc = 1, we 
put 7Z^ = pt and = Z7\{ —1,1}. We endow Z7 \ {—1,1} with strip-like ends by identifying 
it holomorphically with the strip M x [0,1], where the latter is endowed with its standard 
complex structure. The identihcation is done such that —IeD corresponds to —oo x [0,1] 
and -|-1 G D to -|-oo x [0,1]. 

Pointed disks with strip-like ends can be glued in a natural way. Further, the space IZ^^^ 
has a natural compactihcation Tz!^^^ described by parametrizing the elements of Tz!^^^ \ TZ^^^ 
by trees [Sei3]. The family -E 7Z^^^ admits a partial compactihcation S -E 7Z 
which can be endowed with a smooth structure. Moreover, the hxed choice of universal strip¬ 
like ends for 5^+^ —)■ 7Z^^^ admits an extension to —>■ 7?.^^^. Further, these choices of 

universal strip-like ends for the spaces for different fc’s can be made in a way consistent 
with these compactihcations (see [Sei3, Sections 9d, 9e] and Lemma 9.3 in that book). 

Our construction requires the additional auxiliary structure of transition functions. This 
structure can be dehned once a choice of universal strip-like ends is hxed. It consists of a 
smooth function —)■ [0,1] with the following properties. First let k = 1. In this 

case = D \ ( — 1,1} = M x [0,1] and we dehne a^(s,t) = t, where {s,t) G M x [0,1]. To 
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describe for A; > 2 write := r e We require the functions to satisfy 

the following for every r G - see Figure 7: 



Figure 7. The constraints imposed on a transition function for a domain with 
three entries and one exit: in the red region the function a equals (s,t) —?• t; 
along the blue arcs the function a vanishes; the green region is a transition 
region. There are no additional constraints in the black region. 


i. For each entry strip-like end e* : Z —)■ S'r, 1 < i < fc, we have: 

a. ttr o ej(s, t) = t,\/ (s, t) G (—cxo, —1] x [0,1]. 

b. o ei)(s, 1) < 0 for s G [-1, 0]. 

c. ttr o ei{s, t) = 0 for (s, t) G ((—oo, 0] x {0}) U ({0} x [0,1]). 

ii. For the exit strip-like end ek+i ■ Z~^ —)■ Sr we have: 

a’. Qr o efc+i(s, t) = t,\/ (s, t) G [1, oo) x [0,1]. 
b’. o efc+i)(s, 1) > 0 for s G [0,1]. 

c’. Qr o efc+i(s, f) = 0 for (s, t) G ([0, -foo) x {0}) U ({0} x [0,1]). 

The total function —)■ [0,1] will be called a global transition function. The 

functions can be picked consistently for different values of k in the sense that a extends 

__ k-\-l 

smoothly to S and along the boundary dS it coincides with the corresponding pairs of 
functions a*^'+^ : —)■ [0,1], a*^”+^ : —)■ [0,1] with k' + k" = k + 1, associated to trees 

of split pointed disks. 

3.3.2. Profile function. We now discuss the second special ingredient in our construction: 
prohle functions. 

To £x ideas we suppose from now on in this construction that 

u C [-t, t] X |0,oo). 


(19) 
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According to the notation in (4) and together with (18) this means that ajj < (The real 
number au from (4) should not be confused with the functions from the preceding section.) 

We will use a profile function: h : —)■ M which, by dehnition, has the following properties 

(see Figure 8): 

i. The support of h is contained in the union of the sets 

Wf' = [2, cx)) X [i — e,i + e] and W~ = {—oo, —1] x [i — e,i + e], f G Z , 
where 0 < e < 1/4. 

ii. The restriction of h to each set Ff' = [2, oo) x [f — e/2, i + e/2] and F~ = (—oo, —1] x 
[f— e/2, i +e/2] is respectively of the form h{x,y) = h±{x), where the smooth functions 
h± satisfy: 

a. h- : (—oo, —1] —)■ M has a single critical point in (—oo, —1] at — | and this point 
is a non-degenerate local maximum. Moreover, for all x G (—oo,—2), we have 
h_{x) = a~x F (3~ for some constants a~, f3~ G M with a~ > 0. 

b. : [2, oo) —)■ M has a single critical point in [2, oo) at | and this point is also a 
non-degenerate maximum. Moreover, for all x G (3, oo) we have h+{x) = a~^x+ft~^ 
for some constants a~^, (3^ G M with < 0. 

iii. The Hamiltonian isotopy 0/ : —)■ associated to h exists for all f G M; the 

derivatives of the functions h± are sufficiently small such that the Hamiltonian isotopy 
0 / keeps the sets [2, oo) x {i} and (—oo, —1] x {i} inside the respective for —1 < 
t < 1. 

iv. The Hamiltonian isotopy 0/ preserves the strip [—|, |] x M for all t, in other words 
0/([-|, |] X M) = [-|, §] X M for every t. 

Such functions h are easy to construct. Their main role is to disjoin the ends corresponding 
to two (or more) cobordisms at ±oo. The critical points (—3/2,z) and (5/2, z) are called 
bottlenecks. 

3.3.3. Perturbation data, J-holomorphic polygons and pik- At this step we describe the (per¬ 
turbed) J-holomorphic polygons that define the /i^’s. 

The construction of fik starts with yi and the so-called Floer datum. For each pair of 
cobordisms V,V' C E the Floer datum = {Hyy, , Jvy) consists of a Hamiltonian 

Hyyi : [0,1] X F —)■ M and a (possibly time dependent) almost complex structure Jyy on 
F which is compatible with VIe- We will also assume that each Floer datum {Hyyi,Jyyi) 
satisfies the following conditions: 

i. is transverse to V'. 
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Figure 8 . The graphs of h_ and and the image of M by the Hamiltonian 
diffeomorphism (0^)“^. The prohle of the fnnctions h_ at —3/2 and at 5/2 
are the “bottlenecks”. 

ii. Write points of £' \ as {x,y,p) with x + iy E C, p E M. We reqnire that 

there exists a compact set Kyy C (—|, |) x M C C snch that Hvy'it,{x,y,p)) = 
h{x, y)+Hvy'it,p) for {x+iy,p) outside of 7i~^{Kvy'), for some Hvy : [0,1] x M —)■ M. 

iii. The projection n : E y C is {Jvy{t), ((/)/)*z)-holomorphic outside of 7i~^{Kvy) for 
every t E [0,1]. 

Remark 3.3.2. The almost complex structure Jyy can be viewed in some sense as a pertur¬ 
bation of the almost complex structure Je that is part of the Lefschetz hbration structure as 
in Dehnition 2.1.1. Indeed, if the prohle function h is taken to be arbitrarily small then Jyy 
can be chosen to be arbitrarily close io Je- In practice we will not take this viewpoint and 
will not insist that Jyy is a good approximation of J^;. 

The time-1 Hamiltonian chords of Hyy that start on V and end on V', form a hnite 

set. 

For a (k + l)-pointed disk Sr, let Q C dSr be the connected components of dSr indexed 
so that Cl goes from the exit to the hrst entry, Ci goes from the [i — l)-th entry to the i, 
1 <i <k, and Ck+i goes from the k-th entry to the exit. 

Following Seidel’s scheme from [Sei3, Section 9], we now need to choose additional pertur¬ 
bation data. 

For every collection of cobordisms Vj, l<i</c-|-lwe choose a perturbation datum 
^yi,...,Vfc+i = (0, J) consisting of: 






















32 


PAUL BIRAN AND OCTAV CORNEA 


I. A family 0 = { 0 '^}re 7 e'=+U where G f2^(S'r, C°°{E)) is a 1-form on Sr with values in 
smooth functions on E. We write 0^(0 : -E —t M for the value of 0'’ on ^ G TSr- 
II. J = {Jz}zes>‘+^ is a family of fle-compatible almost complex structure on E, parametrized 
by ^ G 5^, r G 7^^+h 

The forms 0'’ induce forms G 11^(5',., C°°{TE)) with values in (Hamiltonian) vector 

helds on E via the relation H(^) = for each ^ G TSr (i-e. Y{^) is the Hamiltonian 

vector held on E associated to the autonomous Hamiltonian function Q{^) : E ^ M.). 

The relevant Cauchy-Riemann equation associated to ^Vi,...,Vk+i i®- 

(20) u : Sr ^ E, Du + J{z,u) o Du o j = Y + J{z,u) oY o j, u{Ci) C V) . 

Here j stands for the complex structure on Sr- The Tth entry of Sr is labeled by a time—1 
Hamiltonian orbit 7 * G Vg.. ,, and the exit is labeled by a time—1 Hamiltonian orbit 7^+1 G 
Vuy^ VJ.+1 • “ satishes u{Ci) C V) and u is required to be asymptotic - in the usual Floer 

sense - to the Hamiltonian orbits 7 * on each respective strip-like end. See [Sei3, Section 8 f] 
for more details on this equation, the boundary conditions and the asymptotics. 

The perturbation data ^Vi,...,Vk+i constrained by a number of additional conditions that 
we now describe. First, denote by svi,...,Vfe+i G N the smallest I G N such that 7 r(Vi IJ ''' U Pfc+i) C 
M X (0, 1). Write h = h o tt : E ^ W, where h : —)■ M is the prohle function hxed before. 

We also write 

U = -1] X [0i 1]) C ! = 1,..., t:, 

U+i = Ai(|l.“)x| 0 . 1 |)cS„ 

/c +1 

hV’’ = IJ f/[. 

i=l 

The conditions on ^Vi,...,Vk+i following: 

a. Asymptotic conditions. For every r G we have Q\u[ = Hv^y^^^dt, i = 1,... ,k 

and 0|t/j^^ = Hviyk+idt. (Here (s,f) are the coordinates parametrizing the strip-like 
ends.) Moreover, on each tT, i = .Jz coincides with Jv.yt+i and on it 

coincides with Aviy^+i, i-®- ~ Jviyi+iif) similarly for the exit end. Thus, 

over the part of the strip-like ends TV”’ the perturbation datum ^Vi,...yk+i is compatible 
with the Floer data i = 1,..., fc and S^Viyk+i- 

b. Special expression for 0. The restriction of 0 to Sr equals 

0|5^ = dur ®h + Qq 

for some 0o G 12^(5,,, C°°{E)) which depends smoothly on r G Here —t M 

are the transition functions hxes at the point 1. The form 0o is required to satisfy the 
following two conditions: 

1 . 0 o(O = 0 for all feTCiC TdSr- 
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2. There exists a compact set C |) x M which is independent of 

r G such that TT contains all the sets Kviy^ involved in the 

Floer datum ^Vi,Vj, and with 

5 9 

Kv^,...yk+i ^ ([“ 4 ’ 4 ] ^ 

such that outside of vr“^(-ft"vi,...,Vfe+i) we have D7i{Yq) = 0 for every r, where 
Yo = X^°. 

c. Outside of 7i~^{Kvi,...yf._^_^) the almost complex structure J has the property that the 
projection tt is (J^, (0^^(^^)*(i))-holomorphic for every r E z E Sr- 

Using the above choices of data we construct the Aoo-category ZFuk*{E) by the construction 
from [Sei3, Section 9] with the modihcations described in [BC3] that are needed due to the fact 
that the Lagrangians are not compact. As mentioned before, the objects of this category are 
Lagrangians cobordisms V G E without positive ends that are uniformly monotone of class 
the morphisms space between the objects V and V' are CE(y, V'\ ^yy/), the ^-vector space 
generated by the Hamiltonian chords The Aoo structural maps 

/ifc : CE{Vu V2) ® CE{V2, U3) 0 ... 0 CE{Vk, Vfc+i) ^ CE{Vu U^+i) 

are dehned by summing - with coefficients in ^ - pairs {r,u) with r G and u a finite 

energy solution of (20) that belongs to a 0-dimensional moduli space. The coefficient in front 
of a perturbed J-holomorphic polygon u is The Gromov compactness and regularity 

arguments work just as in [BC3]. (The fact that in that paper the the total space was 
E = C X M whereas here is a Lefschetz hbration plays no role in these arguments.) In fact, 
as we work here over the universal Novikov ring compactness is easier to establish in this case 
(and we do not require the vanishing of the inclusions 7 ri(U) —?• 7 ri(£') as in [BC3]). 

The choice of strip-like ends, transition functions and prohle function (in particular, the 
placement of the bottlenecks) changes the resulting Aoo-category only up to quasi-equivalence. 

Once the category Euk*{E) is constructed the derived category DEuk*{E) is dehned by 
again considering the Aoo-modules mod{Euk*{M)) := fun{Euk*{E),Ch°PP) and by letting 
DEuk*{E) be the homological category associated to the triangulated closure of the image of 
the Yoneda functor y : Euk*{E) -E mod{Euk*{E)). 

3.3.4. The naturality transformation. Assume that u : Sr ^ E is a solution of (20), where the 
Floer and perturbation data satisfy the conditions discussed at the points a, b, c on page 32. 
Dehne v : S'r —)■ by the formula: 

(21) u{z) = 

where : 5^ —>■ [ 0 , 1 ] is the transition function. 
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The Floer equation (20) for u transforms into the following equation for v: 

(22) Dv + J'{z, v) o Dv o j = Y' + J'{z, v) oY' o j. 

Here Y' G ^l^{Sr,C°°{TM)) and J' are dehned by: 

(23) y = c<,,(r) + <ia,0AA J. = (<(.))• A 
The map v satishes the following moving boundary conditions: 

(24) VzeQ, !.(j) 6 (^;,.,)-'(V;). 

The asymptotic conditions for v at the punctures of Sr are as follows. For i = 1,..., fc, 
u(ei(s, t)) tends as s —)■ —oo to a time-1 chord of the flow o 0^ starting on Vi and 

ending on (0^)“^(14-i-i)- (Here ei{s,t) is the parametrization of the strip-like end at the Fth 
puncture.) Similarly, v{ek+i{s,t)) tends as s —)■ cx) to a chord of (0^)“^ o starting on 

Vi and ending on (0^)“^(14+i). 

It might be useful to spell out more geometrically the effect of the moving boundary con¬ 
ditions (24) on the ends of the Lagrangians V). Identify a neighborhood of puncture num¬ 
ber i, 1 < i < k, in Sr with Z~ = (—(X),0] x [0,1] via the strip-like ends construction as 
in §3.3.1. Then for every x G (—cx),0], we have u(a:,0) G V) and v{x,l) G (0a(3;))~^(f^+i), 
where a : {—oo, 0] —)• [0,1] is a function that equals 1 on (—cx), —1] and on the interval [—1, 0] it 
decreases from 1 to 0. Note that the part of (0a(a:))~^(^+i) ~2] x M is just 

(0)*)“^(ends of I^+i) hence coincides with the ends of Vj+i after being pushed downwards (in 
the y-direction of the C-factor) by a small amount. See the left-hand side of Figure 8. Note also 
that for each s G N such that both Vi and Vj+i have an s-end, i.e. an end over (—cx, —au] x {s}, 
the following happens: the projections 7r(s-end of Vj) and tt^( 0^j.^^)“^(s-end of I^+i)j inter¬ 
sect transversly at the points (—|,s). See again Figure 8. A similar description holds also for 
the exit strip-like end Z~^. 

Let now u' = tt o u : 5^ —)■ C. It is then easy to see - as in [BC3, Page 1766] - that v' is 
holomorphic over C \ ([—| -|- 5', | — 5'] x M) for small enough 6' > 0. 

As discussed in [BC3], there are many useful consequences of the holomorphicity of v' 
around a bottleneck and we will see some more later in this paper. To give a typical simple 
example, assume that the bottleneck in question is a = (—1,0) and that the regions A and 
B in Figure 9 are unbounded. In this case, the image of v' can not switch from region D to 
region C (or vice-versa). More precisely, it is impossible to have that Image{v') fl C* 7^ 0 and 
Image{v') fl 72 7^ 0 with the regions C, D as in the picture. 

The argument is as follows: assume that Image{v') intersects both C and D and is disjoint 
from the interiors of both A and B. Let xi G Image{v') fl C and X 2 G Image{v') fl D. Let 
c be a curve inside the domain of v' that connects xi to X 2 . It follows that a G v'{c). But as 
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Figure 9. The bottleneck a and the regions B, C and D. 

there are inhnitely many distinct curves c joining xi to X 2 this means that there are inhnitely 
many interior points z with v'{z) = a. But this implies Image{v') = a. Thus Image{v') has 
to intersect at least one of A and B and, by the open mapping theorem, this contradicts the 
fact that the closure of Image{v') is compact. 

This argument is used in several instances in [BC3], for example to show the compactness 
of the moduli spaces required to dehne /ifc as well as those used to show /i o p = 0. 

Besides this compactness implication, the holomorphicity of v' has an important role in the 
proof of the main decomposition result in [BC3] as well as in the main result of the current 
paper. Both these results are consequences of writing certain ^doo-module structures in 
an “upper triangular” form. In turn, this form is deduced from the fact that the planar 
projections of the J-holomorphic polygons giving the module multiplications are holomorphic 
(over an appropriate region in C) and a “bottleneck-type” argument is used repeatedly to show 
the vanishing of the relevant components of the /i^’s. See for example [BC3, Sections 4.2, 4.4]. 

3.3.5. The case of a non-compact fibre. We now assume that {M,u) is non-compact and 
convex at inhnity and that the Lefschetz hbration E satishes the conditions in §2.1 as well as 
the Assumption Too from page 9. Additionally, we continue to assume that E is tame outside 
a fZ-shaped subset f/ C C as in §3.3. 

From Assumption Too we deduce that there is a trivialization 0 : C x M°° —)■ E°° with 
respect to which both the symplectic form and the almost complex structure split so that, in 
particular, (()* Je = i ® -h where Jo is a hxed almost complex structure on M compatible with 
uj and with the symplectic convexity of M. Recall also that E^ = E \ E°°. 

The objects of the category Euk*{E) are the same as before. Notice that, by Dehnition 2.2.3, 
any cobordism V has the property that V fl n~^{z) is compact for any z G C. Furthermore, 
all the construction of the category Euk*{E) proceeds exactly in the same fashion as in the 
compact case with an additional requirement: all the almost complex structures involved are 
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required to coincide with Je outside a large enough neighborhood of . More precisely, 
for any two objects V^V G Oh{Euk*{E)) we require that Jyy coincide with Je outside a 
neighborhood of E^ that contains both V and V. Similarly, each almost complex structure Jz 
in the family J that is part of the perturbation data associated to the collection of cobordisms 
l/i,..., 14+1 has to coincide with Je outside of a neighborhood of E^ that contains all of the 

Finally, notice that as explained in §3.3.4 the actual curves u that appear in the /r^’s 
are transformed into curves v which satisfy equations that are holomorphic with respect to 
almost complex structures of the form J' = splitting provided by the 

trivialization 0 and because h = hon these structures are also split at 00 (along the hbre) and, 
by using the trivialization 0, it follows that J' restricted to the hber direction coincides with 
Jo (away from a compact subset). Therefore, over E°° one can again use 0 to project such a 
curve V on thus getting a new curve v' that way from a compact is Jo-holomorphic. The 
usual compactness arguments for manifolds that are symplectically convex at inhnity apply 
to this n' and thus compactness is achieved without issues. 

Remark 3.3.3. In [Sei3] (see also [Sei4]) Seidel introduced a Fukaya category associated to a 
Lefschetz hbration tt : —)■ C. By neglecting for a moment some technical points that will 
be revisited below, the relation between this category and the category Euk*{E) introduced 
above is that Seidel’s category is quasi-equivalent to the subcategory of Euk*{E) with objects 
the thimbles T, covering the curves ti in Figure 1. The technical points are that, hrstly, we work 
in a monotone and ungraded setting and Seidel’s work is in the exact and graded case (and the 
grading plays an important role in his work). Secondly, the type of perturbations at inhnity 
that Seidel uses - see in particular [Sei4] - are different from ours. Despite these differences, it 
is possible to show that Seidel’s approach can also be implemented in the monotone case and 
the resulting category is quasi-equivalent to the subcategory of Euk*{E) as mentioned above. 
One reason for not pursuing this direction in this paper is that in the construction of Euk*{E) 
above we use the perturbations employing bottlenecks etc. These are very convenient if one 
uses the naturality transformation - as explained in §3.3.4 - to reduce key steps of the proofs 
in this paper (as well as in [BC3]) to properties of holomorphic planar curves. 

3.4. Fukaya categories of negative ended cobordisms in general Lefschetz fibra- 

tions. In this section we use the construction in §3.3 to associate a Fukaya 4oo-category to a 
general Lefschetz hbration. Let vr : F —)• C be a Lefschetz hbration as in §2.1. The category 
we intend to construct will depend on a tame Lefschetz hbration 71 : E^ ^ C associated to E 
and will be denoted by Euk*{E] t). The parameter r indicates the choice of a tame symplectic 
structure on E with the properties described in the construction below. 
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We first fix an additional notation. For two constants r < 0 < s, put Sr^g = [r, s] x M C C. 
Fix constants x < 0 < y such that all the singularities of the hbration E are contained in the 
interior of iT~^{Sx,y)- We also assume that the critical values of tt are included in the upper 
half plane. 

The construction is now the following. The objects of the category Euk*{E]T) are cobor- 
disms V in E - in the sense of Dehnition 2.2.1 - that are cylindrical outside Sx-^^y+'i and 
satisfy the following additional constraints: 

i. f/ is monotone of class *. 

ii. V C 7 r“^(]R X [|,+oo)) 

hi. V has only negative ends belonging to C*{M). 

Condition Hi means in this case that for some point z along one of the rays ii associated to 
the ends of V we have that the Lagrangian V fl belongs to C*{M). For a hxed ray ii 

it is easy to see that this condition does not depend on the choice of the point 2 ;. 

To dehne the morphisms and the operations we proceed as follows. We £x a Lefschetz 
hbration n : E^ ^ C that is tame outside a set U whose interior contains [x—4, i/+4] x (—1, cx)) 
and coincides with E over [x — 4, 1 / + 4] x [—|, cx)). Such a hbration exists due to the results 
from §2.3. Recall from §3.3 the construction of the category Euk*{Ex). Each object V G 
Oh{Euk*{E;T)) corresponds to an object V G Oh{Euk*{Ex)) that is obtained, as in Remark 
2.3.2, by cutting oh the ends of V along the line {x — 4} x M C C and extending them 
horizontally by parallel transport in the hbration E^. It is easy to see that the subcategory 
of Euk*{Ex) that consists of all the objects V obtained in this way is quasi-equivalent to 
Euk*{Er) itself because each object of this larger category is quasi-isomorphic to one of the 
R’s. Notice however that the category Euk*{Er) contains more objects than those of the form 
V, an example is provided in Figure 32. We now put MoTjruk*{E-,T){V, V') = Morj-„fc*(E^)(R, V') 
and similarly we dehne all operations in Euk*{E; r) associated to Vi,, I 4+1 by means of 
the corresponding operations associated to Ri,..., Vk+i in Euk*{Er). 

It is clear, by construction, that there is an inclusion: 

Euk*{E-T) ^ Euk*{Er) 

which is a quasi-equivalence. 

The ^oo-category in the statement of Theorem A can be taken to be any of the cate¬ 
gories Euk*{E;T) described above. We will see later in the paper that the derived category 
DEuk*{E]T) is independent of r up to equivalence. Therefore, the omission of r in the 
statement of Theorem A is justified. 

Remark 3.4.1. We believe that any two Ago-categories Euk*{E] r) and Euk*{E;T') are quasi¬ 
equivalent. Indeed, we expect that our construction of the Fukaya category of a tame hbration 
adapts to the case of a general Lefschetz hbration and the resulting hbration Euk*{E) is 
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expected to be quasi-equivalent to J^uk*{E] r) for all r. The technical ingredients required in 
the dehnition of Euk* {E) go beyond the construction in the tame case so that we prefer not to 
further explore this issue here. In a different direction, we also expect that there is a derived 
Fukaya category of cobordisms with ends of arbitrary heights in M"*" and not only with integral 
heights, as described in this paper. First, given any inhnite sequence of strictly increasing 
positive reals S = {ai,... ,a„,...} there is a Fukaya category of cobordisms with ends in 
S that is dehned just as in the case of S' = N*. The sets S are ordered by inclusion in an 
obvious way and this order implies the existence of comparison maps among the corresponding 
categories. The category in question is expected to be dehned as an appropriate limit over S. 
Again, we do not pursue this construction here as it is not signihcant for the purpose of this 
paper. 


4. Decomposing cobordisms 

Fix a Lefschetz hbration tt : E ^ C and a Fukaya category Euk*{E] r) as dehned in §3.4. 
This section contains the main result of the paper. It claims that each object V of DEuk*{E; r) 
admits an iterated cone decomposition in terms of simpler objects. We will also see later in 
the paper that DEuk*{E;T) is independent of r. 

4.1. Statement of the main result. We will restate here Theorem A after providing the 
precise dehnitions of the objects involved. 

To hx ideas, we assume that vr has m critical points Xk & E, k = 1,... ,m of corresponding 
critical values Vk = {k, |) G C. Consider a Fukaya category Euk*{E] r) of uniformly monotone 
negative ended cobordisms V C E that are cylindrical outside 7r“^(S'3;_3,y+3) with x < 0 < y 
and so that all the singularities of vr are contained in 7r~^ (Sx^y). See §3.4 for the dehnition. In 
particular, r indicates that the morphisms and operations in Euk*{E] r) are dehned by means 
of the Fukaya Aoo-category Euk*(Er) associated to a tame Lefschetz hbration n : E^ C 
that agrees with E over [x — 4, y 4] x [—|, cx)). 

The objects of Euk*(E; r) are collected in the set C*(E). 

4.1.1. The “atoms” of the decomposition. Our hrst task is to describe the simpler objects that 
form the basic pieces of our decomposition. 

We will make use of two types of smooth curves in the plane. 

(I) These curves are denoted by y,, i > 2 and are so that y* : M —)■ C is a smooth 
embedding with 

yi(M) C (-CX), x) X [^, +oo) , y*(-l, 1) C [x - 2, x - 1] x [1, i] 

and: 

yi((-cx), -1]) = (-CX), a: - 2] X {1} , %([+!, -Foo)) = {-oo, x - 2] x {i} , . 
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(II) The second type of curve is denoted by tk- For 1 < k < m the curve tk is given by a 
smooth embedding : (—cx), 0] —)■ C so that we have 

4(0) = Vk , 4((-oo, -2]) = (-cx),a; - 2] x {1} , 4((-cx),0)) C (-cx),m + 1) x [1,3] 

and 4 turns once around all the points Ufc+i, Vk+ 2 i ■ ■ ■ ,Vm- 
Both types of curves are pictured in Figure 10. 



Figure 10. The special curves 73 and for a hbration E with three 

critical points. 

Let x — 3<a< x — 2 and £x the points Zi = (a, z) G ~ C, i G N. Set also 2 ;* = (a, 1) G 
(of course, zi = z^, we use this double notation because we want to view 2 ;* as a base-point). 
Let {Mzi,ujzi) be the fiber of vr over the point Zi. There are two families of Lagrangian 
cobordisms in C*{E) that are associated to the geometric data given above. 

(F) For each Lagrangian in L G C*{Mzi) we consider the trail of L along the curve jk- 
This is a well-dehned Lagrangian in E and, further, G C*{E). 

(IF) Denote by Tj the thimble associated to the singularity Xi and the curve ti. Denote 
by Si C Mz^ the vanishing sphere associated to the singularity Xi such that Tj is the 
trail of Si along ti. Since E is strongly monotone it follows from Proposition 3.2.3 that 
T,eC*{E). 

4.1.2. The decomposition. We now reformulate Theorem A in the setting and notation above. 
Recall that we use the Novikov ring A as coefficients at all times. 

Theorem 4.1.1 (Theorem A reformulated). Let V G C*{E) be a Lagrangian with s cylindrical 
ends Li = V\z^, ^ < i < s (as in Definition 2.2.1). There exist finite rank A-modules Ek, 
1 < k < m, and an iterated cone decomposition taking place in DEuk*{E;T): 


V = (Ti ® El ^ T 2 ® E 2 ^ ... ^ Tm ® Em —>■ ^sLg —t ys-iLs-i 72 ^ 2 ) • 
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Moreover, the category DtFuk*{E-,T) is independent of r (up to equivalence). 

The proof of Theorem 4.1.1 follows from an analogue result - Theorem 4.2.1, stated in the 
hrst subsection below - which applies to tame Lefschetz hbrations. The three subsequent 
subsections §4.3 - §4.5 form the technical heart of the paper. They provide the arguments 
that are put together in §4.6 to show Theorem 4.2.1. The decomposition in the statement 
of Theorem 4.1.1 follows directly from that provided by Theorem 4.2.1. The modules are 
explicitly identihed along the proof - see equation (57). The independence of DEuk*[E]T) 
from the choice of r is postponed to §5 as it is an immediate consequence of Corollary 5.1.3 
which is itself deduced from Theorem 4.2.1. 

4.2. Decomposition of cobordisms in tame fibrations. Assume now that the Lefschetz 

hbration vr : —)■ C is tame outside the set f/ - as in Dehnition 2.2.2 - and is so that: 

i. the set U contains [0,m + 1] x [\,K] and, as in (18), 71 C M x [0, +oo). 

ii. as before, tt has m critical points Xk & E oi corresponding critical values = {k,\). 
hi. we £x 0(7 > 0 sufficiently large so that the set {zEd \ z E U, d E [0,4] C M} is disjoint 

from both quadrants 

Qfr = (-00, -au] X [0, +CX)) , Q(j = [au, oo) x [0, +cx)). 

In this setting we again first define the “simple” pieces that appear in the relevant decom¬ 
position. They again involve two types of curves, again denoted by y, and tj, and are defined 
as at the points (I) and (II) in §4.1.1 but by using instead of the constant x the value —au + S. 
As a consequence, the position of these curves relative to the set U is as in Figure 10. With 
this definition we then define the two families of associated Lagrangians as at the points (T) 
and (IT)- Notice that the Lagrangian is a product y^L = y^ x L. This is because the 
fibration is trivial over the complement of U and jk is entirely contained in this complement. 
At the same time, because of condition Hi above, y^L as well as Tj are cobordisms in the sense 
of Definition 2.2.3 (relative to the constant au). Finally, assume that L E C*{M). Thus the 
yfcL’s are objects of C*{E), and by Proposition 3.2.3 the same holds for the T/s. 

We reformulate again Theorem A in this context: 

Theorem 4.2.1. Let V E C*{E), D : 0 —)■ (Li,.. . ,Ls). There exist finite rank A-modules 
Ek, 1 < k < m, and an iterated cone decomposition taking place in DEuk*{E): 

V = (Ti ® El ^ T 2 ® E 2 ^ ... ^ Tm ® Em —>■ y^i X L 5 —)■ y^-i x Ls-i y 2 x L 2 ) . 

4.3. Decomposition of remote Yoneda modules. In this subsection we assume the “tame” 
setting of §4.2 and we consider a particular class of Aoo-modules over Euk*{E) associated to 
certain cobordisms W included in Lefschetz fibrations that extend E. 
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Specifically, fix a large constant > 0 and consider a Lefsctietz fibration tt : ^ C so 
that: 

i. TT is tame outside If, with U <Z U and is so that condition (4) is satished for some 
constant ajj>au- 

ii. f/ C M X [—+CX)). 

iii. = -E|]kx[-1,+oo) including their symplectic structures. 

Similarly to the dehnition of the category fFuk*{E) in §3.3 we consider a Fukaya category 
fFuk*{E) whose objects are cobordisms hF C .F as in Dehnition 2.2.3 so that W is monotone 
of class * = {p,d), W has only negative ends Li,... ,Ls (all in C*{M)) and, similarly to ii 
in §3.3, 

W C 7r-^(M X l-K + ^,oo)) . 

Following Dehnition 2.2.3, the cobordism W is cylindrical and the ends of W project to rays 
of the form (—oo, — ap] x {k} with k G N*. 

A cobordism W as before is called remote relative to E if, in addition, 

(25) W C 7r“^(M X (—oo, 0] U Q'^) . 

In this case, we deduce, in particular, that W fl = 0 (this explains the terminology, in 

the sense that W is remote from all the singularities of tt). See Figure 11. It is important to 
note that because U might contain an unbounded region disjoint from the upper half plane 
(in the hgure this region goes through the third quadrant, it could as well also intersect the 
fourth quadrant but that is irrelevant for the argument), the conditions i,ii,iii allow for E to 
have more singularities than E. 



Figure 11. The domains U, U, the quadrant Qjj and the cobordism W that 
is remote relative to E. 
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Given property ii from §3.3, it is clear that such remote cobordisms W are not objects of 
J^uk*{E). On the other hand, each object of Euk*{E) is an object of Euk*{E). Moreover, 
by a simple application of the open mapping theorem, we see that there is an inclusion of 
Aoo-categories 

(26) IncP’-® : Euk*{E) Euk*{E) . 

The relevant argument is as follows. All objects of Euk*{E) project to the upper half plane 
so that the J-polygons that compute the operations /i^ of Euk*{E) (for objects that are in 
Euk*{E)) project to curves n in C with boundary inside the upper half plane. Our choice 
of almost complex structures imply that such a curve v can be assumed - after applying the 
change of coordinates as in §3.3.4 - to be holomorphic outside (possibly a slightly bigger set 
containing) U and, by the open mapping theorem, we deduce that v can not extend outside 
of the region where E and E coincide. Thus, for objects picked in Euk*{E), the operations 
/ifc are the same in Euk*{E) and in Euk*{E). 

Let y{W) be the Yoneda module associated to an object W G Oh{Euk*{E)). We denote 
by We the pull-back module: 

(27) We = {lnc\^'^r{y{W)) 

In case W is remote with respect to E we say that the module We is a remote Euk*{E)- 
module. 

Proposition 4.3.1. With the terminology above, assume that W G Ob{Euk*{E)) is remote 
relative to E, W : 0 (Li,..., Lg), then We G Oh{DEuk*{E)) and it admits a decomposition 
in DEuk*{E) of the following form: 

(28) We = (7s X —)■ x Ls_i 72 x L 2 ) 

To unwrap a bit the meaning of this Proposition consider a cobordism W in E. If there is a 
horizontal hamiltonian isotopy cf ■. E ^ E that pushes W away from the singularities of tt, in 
the sense that 7 r( 0 (hP)) flf/ = 0, then the Proposition implies that W admits a decomposition 
as claimed in Theorem 4.2.1 but with all the modules Ei = 0. As a particular case that is 
already of interest, if vr has no singularities E = C x M (f/ = 0 and m = 0), then Proposition 
4.3.1 applies to any cobordism W G E = C x M. Thus, for = C x M, Proposition 4.3.1 
implies Theorem 4.2.1. 

Remark 4.3.2. In this paper we mostly assume that our Lefschetz hbrations are strongly mono¬ 
tone, which in turn determines a monotonicity class * for the associated Fukaya categories. 
However, Proposition 4.3.1 continues to hold for remote cobordisms of arbitrary monotonicity 
classes * (subject to the restrictions on * made on page 21 in §3.1). The point is that we can 
analyze remote cobordisms as if they live in a trivial Lefschetz hbration, and so there is no 
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need to take into account monotonicity properties of the thimbles and vanishing spheres. See 
the “exception” to Dehnition 3.2.1 on page 25. 

Proof of Proposition 4-3.1. We start by repositioning W by using a horizontal Hamiltonian 
isotopy in E. By dehnition, this is an isotopy possibly not with compact support, whose 
support contains a neighborhood of the singularities of E, and which slides the ends of W 
along themselves just as in Dehnition 2.2.3 in [BC3]. It is immediate to see that such isotopies 
do not change the isomorphism type of objects in Euk*{E). 

By applying such an isotopy to W we may assume that not only W C 7r“^(M x (—oo, 0] UQ^) 
as in the dehnition of remote cobordisms but that, moreover, the intersection 

w- = wnQ-[j 

coincides with a disjoint union of cylindrical ends of W. In other terms 

W- = X Li 

where a* are curves in C as in Figure 11. In particular, for any object X G Ob{Euk*{E)), the 
intersection W H X consists of a union of intersections of the ends of W with the ends of X 
and is included in the quadrant Q^. 

The main part of the proof makes essential use of constructions that appear in [BC3]. It 
consists of three main steps. 

Step 1: Repositioning W. Here we replace the module We with a quasi-isomorphic module 

corresponding to a cylindrical Lagrangian that can be handled easier geometrically. For this 

purpose we include the two Hoo-categories Euk*{E) and Euk*{E) in two other Hoo-categories, 

respectively, Euk\{E) and Euk\{E). These two categories have objects that are again cobor- 
2 2 

disms as before with the difference that their ends have heights G C Q. In other words, 

compared with Dehnition 2.2.3, the difference is that V fl 7r“^(Q^) = UigN*((—oo, — at/] x 

{^}) X Li. The inclusion Euk*{E) —)■ Euk\{E) is obvious and is clearly full and faithful and 
^ 2 ^ 

similarly for the two categories associated to E. We now perturb IT by a (non-horizontal) 

Hamiltonian isotopy so as to obtain an object W' of Euk\ {E) that differs from W only inside 

2 

(—oo, —au — 2] X [|, +oo) and is so that the ends of W' restricted to (—oo, —a//—4—s] x [|, -f-oo) 
are of the form (—oo, —au — 4 — s] x {i — |} x Lj (for all the dehnitions involved to be coherent 
we might need to enlarge here the set U). In other words, the ends of W' are shifted down 
by I compared to the ends of IT. Let W'^ be the Euk* {E)-niod\x\e obtained as pull-back over 
the inclusions 

Euk*{E) Euk*{E) Euk\{E) 

2 

from the (.F)-moduIe y{W'). The two modules ITe and IT^ are quasi-isomorphic. 
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Figure 12. The projections on C of ^iW) and of X.The ends of 

below those of X at infinity. 


This is a direct conseqnence of the definition of Morjr„^*(g)(X, W) = CF{X, W). This nses a 
pertnrbation of W in which its negative ends are “moved” down compared to those of X. More 
precisely, recall from §3 in [BC3] (see also Fignre 8 there) that CF{X, W) is dehned by nsing a 
specihc prohle fnnction h and an associated Hamiltonian Hx,w- With these choices CF{X, W) 
is identified with CF{X, (nnder the assnmption that X and 

intersect transversely). The projection of to C is as in Fignre 12. On the other 

hand the ends of W are, by constrnction, below the horizontal lines M x {i} and therefore the 
complexes CF{X, W) and CF{X, W) are qnasi-isomorphic. Farther, this qnasi-isomorphism 
extends to a qnasi-isomorphism of the modnles We and W'^. 

To snmmarize this first step, we have replaced in onr argnment the cobordism W by the 
cobordism W'. Moreover, by a farther horizontal Hamiltonian isotopy, we may assnme that 
W' has a projection as in Fignre 13. More precisely, we assnme that {W')~ = W' fl is a 
disjoint anion of components Uj x Li so that ai is obtained by ronnding the corner of the anion 
of two intervals (—oo, —a^ — 4 — s -1- i] x {i — u {—au — 4 — s -|- i} x [0, i — |]. In particnlar, 
the intersections of X and W' project onto C to the points bij = {—au — 4 — s -h i} x {j} with 
i > j, i,j G hJ*, i = 1,2,..., s; bij is precisely the projection of the intersection of the Tth end 
of W' with the j-th end of X. 
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Figure 13. The remote cobordism W' C E, the object X G Ob{Euk*{E)) and 
the curves Uj. The height of the Tth end of W is i ^ while the Tth end of X 
has height i. 


We may also assume, by a slight additional horizontal isotopy, that W flvr ^(M x oo)) 
is a union of cylindrical ends. 

Step 2 : “Snaky” perturbation data. This step of the proof consists in choosing the pertur¬ 
bation data used in the definition of Euk*{E) and Euk*{E) in a convenient way. Recall that 
W is already fixed as discussed at step 1. The perturbation data in question are chosen as 
described in §3.3 except that the profile function h as well as the almost complex structure J 
will be picked with some additional properties described below. 

We start with the choice of the profile function h. As can be seen from §3.3 the fundamental 
ingredients in the definition of h are the functions h±. We start with h_|_: the only requirement 
in this case is that : [au + cxd) —>■ M has its single critical point (the bottleneck) at au + 2. 
In other words the difference with respect to the construction at §3.3.2 is that the value ^ is 
replaced with au- In fact, as we only consider cobordisms without positive ends the choice of 
h_|_ is not particularly important as long as the bottlenecks are away from U. We now discuss 
the function h_. This is a smooth function /i_ : {—oo,—au — 1] —?• M with the following 
additional properties - see Figure 14: 

a'. The function has critical points Oi = —au — 3 — i, i = 0,1,..., s that are non¬ 
degenerate local maxima. 
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a". The function has critical points o' = —au — | — i, i = — 1 that are 

non-degenerate local minima. 

a'". h_ has no other critical points than those at a', a" above and for all x G (— cxd, au—A — s] 
we have h-{x) = a~x + (3~ for some constants a~, , a~ > 0. 



Figure 14. The graph of (0^) ^(M) for s = 4. 

Beyond this, the properties of the function h are obtained by direct analogy with those 
given at the points i, ii, iii, iv in §3.3.2 but with the point a replaced by the three conditions 
a', a", a'" above. In particular, the set W~ now becomes W~ = (—oo, —au — 1] x [i — e,i + e] 
and T~ = (—oo, —au — 1] x [i — e/2,i + e/2]. From this point on, the construction continues 
along the same approach as in §3.3. In particular, the properties of the family 0 and those of 
J are just the same as properties a,b,c in §3.3.3 but they are relative to sets iFvi,...,Vfe+i that 
satisfy different requirements compared to those in §3.3.3. 

We now discuss the two properties required of We start by underlining that, 

because we care here about a module structure, while Ih, • ■ ■, 14 sue elements of C*{E), I 4+1 
is either an element of C*{E) or I 4+1 = fF'. Further, we £x small disks Dij C C of radius 
smaller than | that are respectively centered at the points i = 0,..., s — 1, j G 

{!,..., We denote by Hh C the disk with the same center but with radius 

half of that of Dij. Recall, that the smallest / G N so that 7r(Vi U V 2 U ... U 

Vk+i) C [|,0- We also pick a compact set Z C M x (— 00 , —|] which contains in its interior 
niyV') n M X (—cxD, — I] (recall that W is cylindrical outside 7r“^(M x (— 00 , — |]) as well as a 
slightly bigger set Z' C M x (— cxd, — |]. We require: 

(29) R'vi,...,yfe+i 3 U [-au “ «u + ^] x [-, sv^,...y^+^ + l]U Z . 

and 

13 , 4 , , 

- y,ar/ + 2) X [-,+ 00 ) UZ . 


(30) 


Kv^,...yk+i C ^i,jDij U [-au 
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We now will see that this class of perturbation data is sufficient to insure the regularity and 
the compactness of the moduli spaces appearing in the dehnition of the category J^uk*{E) 
and of the J^Mfc*(ii^)-module W'^. In the next section we will use these specihc perturbations 
to extract the exact triangles claimed in the statement. 

Let u : Sr ^ E he & solution of (20) that satishes the boundary and asymptotic conditions 
required to dehne the multiplications fik for Euk*{E) or for the dehnition of the module We- 
In the hrst case the boundary conditions are along cobordisms Vi, • • •, Vk+i (Yi ^ kl*{E), in 
particular, Vi projects on the upper half plane). In the second case, the curve is dehned on a 
punctured polygon so that the component Ci of the boundary of the polygon is mapped to V) 
for 1 < i < fc and the k + 1-th component Ck+i is mapped to W'. 

By the change of variables in §3.3.4, (and by taking h sufficiently small) we deduce that 
there exists some small 5 > 0 so that if u : Sr ^ E satishes (20) with the choice of perturbation 
data as just above and if v : Sr ^ E is dehned by u{z) = 4>ar(z)('^Y)y then v' = n o v is 
holomorphic outside of the set 

^ 13 1 

(31) K = Ui^^D'k U [-au - - - <5, + 2 + 5] x [- - 5, +oo) U Z", 

where D'l- is a disk with the same center as Dij but slightly bigger and, similarly, Z" is a set 
slightly bigger than Z' - see Figure 15. In view of this transformation, compactness for the 
relevant moduli spaces follows without difficulty by the usual bottleneck argument §3.3 [BC3]. 
Thus, the only issue that requires some attention is regularity. Denote 

K' = UijDh u [-au - —,au + -] X [-, + l]U Z . 

Given that K' C the perturbation data can be chosen freely over K' and thus, for all 

moduli spaces consisting of curves whose image intersects regularity can be handled 

in the standard fashion as in [Sei3]. Therefore, we are left to analyze the curves u : Sr ^ E 
so that 7r{u) has an image disjoint from K'. Assume hrst that u appears in the dehnition of 
the higher structures of Euk*{E). In this case, the condition Ci Image{u) = 0 implies 

that all the boundary of u projects onto C along a single line (—cx), — ajj — 2] x {j}. Given 
that (o', j) G K', it follows that the image of 7i{u) can not cross any of the points nor 

can it have one of these points as asymptotic limit. As a consequence, the asymptotic limits 
of u have to project to just one of the points (oj, j). But by now taking a look to u' which 
is holomorphic around (oj,j) one sees immediately that v' and thus 7i{u) has to be constant 
(indeed, (oi, j) can not be the exit point of v' by an application of the open mapping theorem). 
The second possibility to consider is if u appears in the dehnition of the module structure of 
W'e- It is immediate, in this case too that ■K~^{K')nlmage{u) = 0 implies that all asymptotic 
limits of u coincide with a single point bij (which is, of course, also of the from (oj,j)). It is 
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& 


Figure 15. The set K outside which v' is holomorphic is the union of all the 
regions in pink: the disks D"-, the box 

13 1 

B = [—0(7 - --0(7 + 2 + 5 ] X [- — h, +oo) 

4 o 

and the neighborhood Z” of the non-cylindrical part of Are also pictured 

the points bij. Here s = 3. The non cylindrical part of the cobordisms X G 
C*{E) projects inside B. 


easy to see by an application of the open mapping theorem that in this case 7i{u) has again 
to be constant. To conclude this argument, the only moduli spaces for which regularity is in 
question consist of curves u so that 7i{u) is constant equal to one of the point (o,, j). That 
means that these curves take values in the hber over (oj, j) and, because Oj is a local maximum 
of /i_, one can see, as in §4.2 [BC3] that by picking regular data in the fiber these moduli 
spaces are regular too. 

Thus the regularity of all the moduli spaces involved can be achieved by generic choices 
of data. We work from now on with such data associated to the “snaky” perturbations 
constructed at this step. 

Step 3 : The proof of (28). We will show now that there is a sequence of (i?)-modules 
Lj, IFg j, i = 1 ,..., s, with W'^ ^ being submodules of IFg, so that: 
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i. W'e 1 = 0, W'e g = W'^ and for i > 2 there exist exact sequences of J^uk*{E)-modu\es 

0 —)■ —)■ —)■ Lj —)■ 0 

ii. there exists a quasi-isomorphism of J^K/c*(ii^)-modules 

Li ~ 3^(7i X Li), 
where y is the Yoneda embedding for yuk*{E). 

These points immediately imply the statement of Proposition 4.3.1. We now proceed to the 
construction of ^ and to prove the points i, ii above. 

Let X G C*{E) and let W be the remote cobordism as discussed at the hrst step. We 
now assume “snaky” perturbations picked as described at the second step. In particular, the 
complex CE{X,W') is well dehned. The generators of this complex are identihed with the 
intersection X fl (0i)“^(kP'). Notice that due to the choice of snaky perturbations 7r(X fl 
= 7 r(X n = {brs}r,s See Figure 16. We now put 



Figure 16. The cobordism W and its perturbation W = ^{W) 


Prs{X) = Y n n Tl-\hrs) 

and we dehne 

W'e^,{X) = A{U^<r<i;s<rPrs) C CE{X,W') . 

In other words, the generators of W^^{X) are the intersection points of X with the hrst i 
branches of the W. It is clear from the construction that = 0 and that g = W'^. We 



















50 


PAUL BIRAN AND OCTAV CORNEA 


will show now that, for each 1 < i < s, the structural maps of W'^ when restricted to 
have values into W'^^. In other words 

(32) : CF{V^, V^) ® ® CF{Vk-i, 14) ® ^ • 

This property immediately implies that the W'^ ^ are indeed Aoo-modules and moreover that 
the inclusions of vector spaces C W4;,i(~) ^.re actually inclusions of Fuk*{E)- 

modules. The modules Li dehned as the respective quotients. With these dehnition for W'^ i 
and assuming (32), point ii follows because the quotient Li is naturally identihed (up to quasi¬ 
isomorphism) with 3 ^( 7 * X Li). In summary, to conclude the proof of the proposition it remains 
to show (32). 

Our argument is based on properties of the curve v' = t:{v) where v is related to a curve 
u Sr ^ E hy equation (21) and m is a solution of (20) contributing to the module structural 
map pfc. Here Sr is the disk with k + 1 boundary punctures, of which k are the entries 
and the last one is an exit puncture. The last entry, denoted m, is the “module” entry and is 
asymptotic to a generator of CFiVk-i, W'^ J. The exit, denoted e, is asymptotic to a generator 
ol CFiVrW’r,). 

We will make the following simplifying assumption: we assume that the transition functions 
used in the dehnition of moduli spaces associated to the module operations are so that: 

(33) ar{z) = 1 Vz e Ck+i, 

where Ck+i is the component of the boundary of the punctured disk Sr that joins m to e. (See 
Figure 7 for an illustration of the case k = 3, where C 4 bounds both 63 and 64 .) In other words 
we use transition functions as in §3.3.1 except that we add (33) and we modify conditions i. c 
and ii. c’in §3.3.1 such as to no longer require aroe{s, t) = 0 for (s, t) G {0} x [0,1] for e for the 
strip like ends associated to m and to e. By imposing (33) just to the moduli spaces appearing 
in the definition of modules over Fuk*{E) (and not to those dehning the multiplication in 
Euk*{E) itself) we easily see that, on one hand, condition (33) is compatible with gluing and 
splitting and, moreover, it does not contradict the dehnition of the operations in Euk*{E) 
itself. At the same time, this means that we get two presumptive dehnitions for the Yoneda 
modules of objects in Euk*{E): one using the conditions in §3.3.1 and the other making use 
of (33). However, it is easy to see that the two resulting modules are quasi-isomorphic and 
thus our simplifying condition does not ahect any further arguments. 

The geometric advantage of this simplifying assumption on is that v no longer satishes 
a moving boundary condition along Ck+i, rather v maps all of Ck+i to W” = 

We also remark that, by the dehnition of h, and the position of tt{W') relative to the ends of 
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cobordisms G C*{E) - as in Figure 16 - we have that W” is just a close perturbation of W and 
tt{W") intersects the horizontal lines of positive, integral imaginary coordinates transversely 
and in the same points as 

Our claim (32) reduces to showing that if v'{m) = ba/s and v'{e) = brs, then r < a. 

We hrst £x some notation relative to certain regions in Q^. First we denote by F the region 
given as 

F= IJ 0'!*((-cx),-at;]x{j})UW". 

0<t<l,j&z 

In short, F is the set swiped by all the potential boundary conditions of the curves v'. Further, 
we denote F = F U K (see (31)) and we put G = C \ F - see Figure 17. 



& 


Figure 17. The region F is the union of K (the union of all the pink regions) 
and F (the region in red). 

From step 2 we know that v' is holomorphic over G and clearly, the boundary of S^. is so 
that v'{dSr) n G = 0. It is an elementary fact (see for instance Proposition 3.3.1 in [BC3]) 
that as soon as Imageiy') intersects a connected component of G, the full component has 
to be contained in Image{v'). In particular, this means that Image{v') can not intersect an 
unbounded component of G. 

Each point bij is in the closure of four components of G that meet, basically, as four 
quadrants at bij. Our argument will make use of the following: 
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Lemma 4.3.3. Suppose that bij is different from both v'(e) and v'{m) and that the component 
corresponding to the fourth quadrant at bij is in the image of v', then at least one among the 
first or third quadrants are also in the image of v'. 

For an illustration of the statement of the Lemma take a look at Figure 18 and the point 
642 there. The claim of the Lemma is that if the green region having 642 in its boundary is 
included in Image{v'), then one of the yellow regions next to 642 is also contained in this 
image. 

Proof of Lemma f.3.3. Consider a small segment I C 7 r(hF") that ends up at 6 ^ and is in¬ 
cluded in the closure of the fourth quadrant (the quadrants here are dehned by the vertical 
and horizontal lines in Figure 18). We have I C Image{v'). Let a: G /. If a: is the image 
of a point z G Int{Sr), then, by the open mapping theorem, the image of v' also intersects 
the third quadrant which implies our claim. Thus it is sufficient to consider the case when 
all the points of I are in the image of boundary points of Sr- The only boundary component 
that is mapped to W" is Ck+i so that I C v'{Ck+i)- Moreover, as b^j is not the asymptotic 
image of the ends of Ck+i-, h follows that bij G v'{Ck+i)- Let 2 ; G so that v'{z) = bij. As 
shown at step 2, n' is holomorphic outside of K and thus, in particular, around bij. Given that 
(around bij) v'{Ck+i) is contained in the vertical line through bij and, due to the bottleneck 
structure around bij, the open mapping theorem implies that Imagefv') intersects the region 
of G corresponding to the hrst quadrant and ends the proof of the lemma. □ 

We return to the proof of the proposition and we recall v'{m) = bag, v'{e) = brs- Assume 
that r > a. As m is an entry point, for orientation reasons, Image{v') has to contain at 
least one of the hrst or third quadrants at bag. In both cases, the upper left corner of the 
respective quadrant, that we denote by is so that A < a. Thus Lemma 4.3.3 can be 
applied to and it implies that the hrst or third quadrant at AiA is contained in Image{v'). 
Let ^ 2^2 tie the upper left corner of the respective quadrant. We have A A A- This process 
can be pursued recursively, thus getting a sequence of points AiA , ^ 12 ^ 2 ; ■ • • associated 
quadrants C Image{v') by picking at each step the upper left corner of a quadrant obtained 
from Lemma 4.3.3 applied to the previous point in the sequence. This process continues till 
one the quadrants in question is an unbounded region. But this contradicts the fact that 
the image of v' can not intersect such a region. See Figure 18 for an illustration of this 
argument. □ 

4.4. Disjunction via Dehn twists. This subsection is purely geometric in nature and is 
of independent interest. Monotonicity assumptions are not required in this part. The main 
purpose here is to show that certain Dehn twists of a cobordism are Hamiltonian isotopic to 
remote cobordisms and therefore can be decomposed by means of Proposition 4.3.1. The idea 
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Figure 18. We take here s > 5 and in blue are the projections of the ends of 
W”. Assume v'{m) = 641 and suppose v'{e) = h^s with r > 4; v' exits 641 through 
one of the green regions which is therefore included in Image{v')] Lemma 4.3.3 
applied to 642 and 641 shows that one of the yellow regions C Image{v'); by 
applying again Lemma 4.3.3 to one of the upper left corners of the yellow regions 
- in light gray - we get that an unbounded region of G is contained in Image{v'). 

Thus, we reach a contradiction in three steps. 

is the following. Given a cobordisms V <Z E, we hrst add specihc singularities to E (with 
critical values in the lower half plane) so that we can join each initial singularity x* of E to one 
of the “new” ones, x', by a matching cycle S'*. We then show that, with appropriate choices 
for the matching cycles and the other elements of the construction, the iterated Dehn twist 
Ts^ o ... o TSi o ■■■ o transforms V into a remote cobordism V . 

4.4.1. The case of a single singularity. We start with the core of the geometric argument. 
This appears in the case of a hbration with a single singularity. 

Fix S' C M, a framed (or parametrized) Lagrangian sphere. We use Seidel’s terminology 
here [Sei2, Sei3] so that this means S is Lagrangian and that we £x a parametrization e : S'” —)■ 
S'. Consider a Lefschetz hbration 71 : E ^ C which is tame outside 17 C M x [|, + 00 ) c C and 
with a single singularity Xi so that the vanishing cycle corresponding to Xi coincides with S'. 
(Note that since there is only one singularity here there is a canonical hamiltonian isotopy class 
of vanishing cycles in the hbers over C \ U.) We will assume that the singularity has critical 
value Vi = (1, |). Fix also a negatively ended cobordism V <Z E with ends Li, L 2 ,..., Lg. 

For the construction described below it is useful to refer to Figure 19 (which contains also 
details that will be relevant only later on). We will make use of an auxiliary Lefschetz hbration 
if : E ^ C that coincides with E over the upper half plane and that has an additional critical 
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point x'l with corresponding critical value v'^ = (—1, — |) and a matching cycle <Z E that 
projects onto C to a path joining nj to vi. More precisely, E has the following properties. The 
hbration E is tame outside a set IJ (as pictured in Figure 19), tJ C (—cxD,ap] x [—K,+oo). 
Moreover, let H be a disk around vj that is included in the lower half plane but is not 
completely included in U. Let vq G dD \ U. Fix also a path 7 that joins vi to vq. Denote 
by Tj the thimble originating at Xi and whose planar projection is 7 . The boundary of Tj 
is identihed to the vanishing cycle S and, as subset in 7 r“^(no), we denote it by S'q. The 
hbration tt : i? —)• C is such that it admits the sphere Sq as vanishing cycle also relative to the 
singularity x[. If we extend the curve 7 to a curve (that we will continue to denote by 7 ) that 
joins Vi to nj this is covered by a matching cycle Sj C E. Given that E is trivial over the 
lower half-plane, the construction of E follows directly from the constructions in §16, [Sei3]. 

For further use, we now hx another thimble T originating at xi and whose projection is the 
vertical half-line { 1 } x [|,oo). 


Proposition 4.4.1. There exists a curve 7 , depending on V, and a framed Lagrangian sphere 
S' in E, hamiltonian isotopic to the matching sphere so that the Lagrangian V = ts'V is 
disjoint from T and the intersection V fl S' is contained in D. 


Proof. We start the proof by recalling the dehnition of the Dehn twist [Arn] following the 
conventions in [Sei2]. We begin with the model Dehn twist. This construction is standard in 
the subject but as we need the explicit dehnition in the following we will provide some details 
here. Let g be the standard round metric on S'" and for 0 < A denote by D^S'" C T*S'" the 
disk bundle consisting of cotangent vectors of norm < A. We have identihed here T*S'"' with 
TS'" via the metric g. Our conventions are such that the symplectic form on the cotangent 
bundle T*S'' is dp A dq where q is the “base” coordinate and q is the coordinate along the 
hber. 

Denote by xjt : D^S'" \ O^n —;• D\S'' \ Ogn the normalized geodesic how corresponding 
to g, dehned on the complement of the zero-section. With our conventions this how is the 
Hamiltonian how of the function H(p, q) = \p\. 

Denote by cr : S'" —> S'" the antipodal map. Note that extends to the zero-section by 

a. 

Given 0 < A, pick a smooth function px : M —)• M with the following properties: 

(1) p{t) + p{—t) = 1 for every |t| < S for some 0 < 5 < A. 

(2) supp{p) C (—A, A); pit) > 0 , V f > 0. 

Note that we have p(0) = 
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With the above at hand we dehne the model Dehn twist D*^S^ by the 

formula 


(34) 


Ts^{x) 


cr(x), X E 05 ^. 


Note that rgn is the identity near the boundary of D\S"'. 

Now let iV be a symplectic manifold and / : S'” —> N a Lagrangian embedding of the n- 
sphere. Denote by S' = /(S'”) C N its image. By the Darboux-Weinstein theorem there exists 
a neighborhood U{S) C W of S', a A > 0, and a symplectic diffeomorphism i : D^S'” — > U{S) 
that maps 05 ^ to S via the map /. Dehne now the Dehn-twist along S, ts '■ N —> N, by 
setting Ts = i o ts^ o i~^ on the image of i and extend it as the identity to the rest of N. By 
the results of [Sei2] the diffeomorphism ts is symplectic and moreover, its symplectic isotopy 
class is independent of the choices of p and A, but possibly not of the class of parametrization 
of the Lagrangian sphere / : S'” —> S'. The symplectomorphism ts is the Dehn twist along 
S. 


Remark 4.4.2. In case S' is a vanishing cycle in a Lefschetz hbration (associated to a path 
emanating from a critical value in the base of the hbration). S' carries a canonical isotopy 
class of parametrizations (or framings) which we will often adopt implicitly. In that case ts 
is well dehned up to symplectic isotopy without any further choices. 

In the rest of the proof the place of N will be taken by E and the role of S' by the matching 
cycle S^. 


To start the actual proof we hrst assume that, after a possible Hamiltonian isotopy of V, 
T intersects V transversely in the points pi,... ,pk E T. All along the argument it is useful 
to refer to Figure 19. 

Step 1 : Choice of the curve 7 . Recall that the hbration vr : —)■ C is tame outside the 
set f/ C C and the hbration tt : .E —)■ C is tame outside the larger set f/. We hx two 
neighborhoods UiV) C U'iV) of V. We consider an auxiliary thimble T whose projection on 
C is as in Figure 19. In particular, T coincides with T inside 17(V) as well as outside of U'iV) 
and 7 r“^(C \ D) fl T 7 ^ 0 but 7 r“^(C \U) (IT (1 U{V) = 0. We notice that T is hamiltonian 
isotopic to T by an isotopy supported away from UiV) U 7 r“^(M x (—cx),0]) (T and T are 
Lagrangian isotopic and it is easy to check that this isotopy is exact). 

Denote by 7 = vr(T). We assume that, as in Figure 19, 7 can be written as the union of 
three closed connected sub-segments p = p' U 7 " U p"' so that p' U p'" is the closure of 17 ft 7 . 
Thus, the interior of p" is disjoint from U. We also assume to hx that p” C [1, cxd) x [1, cx)). 
Consider a point eo inside the segment p” so that p” = p” U p'f with p'l and p'f the closures 
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Figure 19. The Lefschetz fibration tt : —>■ C coincides with E over the 

upper semi-plane; vr has two singularities of critical values Vi and v'^ and is 
symplectically trivial outside of U. Are pictured (in projection on C): the 
“straight” vertical thimble T and its deformation T; the matching cycle S that 
coincides with T from vi to Cq; the disk D] S = {pi,P 25 P 3 }; Qi = 
(where a is the antipodal map); the neighborhood U{S) where is supported r^; 
the portion T' of T that differs from S and is included in U{S)] the projections 
Ji, I[ of two disks Ki,K[ in S around the two singularities of tt so that Sq = 
S \ {Ki U K[) lies inside a trivial symplectic hbration. Notice that the domain 
U is generally unbounded along some additional directions compared to the 
domain outside which E is tame. This is required so that the hbration E, that 
agrees with E over the upper half plane, has additional singularities compared 
to E. Our choice is for this unbounded direction to be in the lower left corner, 
as in the picture. 
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of the two sub-segments given by fj'' \ {co} with cq being the end-point of fj” and the starting 
point of f]^. We now pick the curve 7 C C that joins vi to uj so that 7 can be written as a 
union of two connected, closed parts 7 = 71 U 72 so that 71 originates in vi and coincides with 
fj' U fj'l, 72 is disjoint from U(y), it intersects 7 only in Cq, it ends in v[ and 72 \ -D C C \ f/. 
Clearly, cq is a point where fj and 7 are tangent and after this point 7 is to the “right” of fj 
and is included in C \ f/ till (and including) the moment it reaches D. 

Notice that if we show that: 

(35) P\T = 0 and Tg_y H ^ D 

then by using the Hamiltonian isotopy 'ip that carries T to T and such that i^iV) = V, we 
deduce that there is a Lagrangian sphere S' = so that ts'V is disjoint from T and 

Ts'V r\ S' C D. For this argument, ts' is dehned by using the choice of framing so that 
Tfp = Ip o o ip~^ (hence t'F^(H) = p) o r7^(l/)). In short, it remains to show (35). 

Step 2 : Other choices involved in the definition of the twist. From now on, to simplify 
notation, we put S = S^. We first choose a small Weinstein neighborhood U{S) of S. The 
Dehn twist ts will be supported inside this neighborhood. We notice, by construction, that 
{pi,... ,pk} = T nV = T nV = S'nH. We may assume that V fl U{S) is a union of small 
disks Di <zV centered at Pi which, for convenience, we may assume are included in the hber 
of T*S through pi under the identihcation of U{S) with a disk bundle of T*S. Further, we 
denote by T' the closure of (T \ S') fl U{S). We now consider a disk Ki G S centered at xi so 
that U{V) n S' C Ki. Similarly we also consider a disk iFj C S' centered at xj. We assume 
that both Ki and iCj are preimages of segments Ji and Jj contained in 7 and we suppose that 
the two disks are so that 70 = 7 \ (/i U Jj) C C \ f/, cq G 70 and Jj C D. We further pick 
U{S), Ki and iFj so that T' is disjoint from both Ki and iFj. We consider the curve oriented 
so that it starts at Vi and ends at uj. 

The boundary of Ki is a Lagrangian sphere A C {M,u) and the boundary of iFj is the 
same sphere transported to the end of 70 (parallel transport is trivial along 70 because tt is 
symplectically trivial outside U). We denote the sphere that appears as boundary of iFj by 
JP. The region Sq = S \ Int{Ki U K'f) is diffeomorphic to a cylinder C = [—a, a] x A. We 
think about this cylinder so that {—a} x A corresponds to the boundary of Ki and {a} x A 
corresponds to the boundary of iFj. 

Denote by U{So) the restriction of the neighborhood U{S) (identified with a disk bundle 
in T*S) to Sq. We assume U{S) small enough so that 7 r([/(S'o)) C C \ H. As tt is trivial over 
U{So), by possibly reducing U{S) further, we obtain the existence of a symplectomorphism: 


k : DrT*[-a, a] x Dr>T*A U{So) ^ DsT*So C E . 
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After picking a appropriately, this symplectomorphism can be made also compatible with the 
almost complex strnctnres involved so that vr' = d o fc is holomorphic with respect to the split 
standard complex structnre in the domain and the standard complex structure in C. 

Step 3 : The parametrization of S. This step consists in picking a particular framing of S so 
that the associated Dehn twist ts can be tracked explicitly. To simplify slightly notation we 
assume a = 1 — 6 with 6 very small. 

We £x a diffeomorphism ip : ^ A in the isotopy class as explained at point (2) of 

Remark 4.4.2. Let h : —)■ M be the height function dehned on the standard round 

sphere in and let Ss = h~^{[—a,a\). We now pick a parametrization a : —)• S' so 

that the restriction of this parametrization to Ss is a diffeomorphism ao = a\ss ■ Ss ^ C 
with the property that for each t G [—a,a], —)■ {t} x A C C is a rescaling 

of and so that h{a~^{xi)) = —1, h{a~^{x\) = 1 (recall that xi,x\ G E are the critical 
points of TT lying over respectively). Clearly, ao extends to a symplectic diffeomorphism 
do : T*Ss —)■ T*C so that T*h~^{t) is mapped by a symplectomorphism to {t}xT*A. Basically, 
we are parametrizing here the “flat” cylinder C (which is identihed with S'o) by the “round” 
cylinder and we then extend this parametrization as symplectomorphisms at the level of the 
cotangent bundles. All the parametrizations involved identify level sets of the height function 
on Ss to slices of the cylinder C. 

We denote by a : S —)■ S' the antipodal map dehned using this parametrization. This 
means, in particular, that the points g* = (j{pi) are contained in D (the disk appearing in 
the statement of the proposition). It is easy to see, as for instance in §1.2 [Sei2], with an 
appropriate choice of function p in the dehnition of the Dehn twist (which we have assumed 
here) the intersection TgV fl S' is transverse and consists precisely of the antipodal of the 
intersection S' fl R. Thus, tsV fl S' = {gi,..., g^} C D as claimed in the second part of (35). 
It remains to show the main part of the claim: tsV fl T = 0. As tsV fl S' = {gi,..., g^}, the 
Dehn twist ts is supported inside U{S) and given that T and S coincide along the segment 
of 7 that starts at Vi and ends at Cq it follows that 

(36) TsVAf = TsVAf' = Ts{ynTs^{f')) 

Thus, to conclude the proof, it is enough to show ^(T") fl R = 0. 

Step 4: Showing r_^^(T') fl R = 0. By possibly adjusting the neighborhood U{S) we may 
assume that U can be written as U{S) = {koaQ){U{S"‘~^^)) for some neighborhood U{S^~^^) of 
the zero section inside T*Ss. Let T' = {ko q:o)“^(T')- We denote by U{Ss) the corresponding 
neighborhood of Ss (so that U{Ss) is the preimage of U{So)) and we let Ki be the cap Ki = 
h“^(—1, —1 + 5] = (A; o q;o)“^(A'i). Further, we let U{Ki) be the restriction of f/(S'”'+^) over 
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Ki. Clearly T' C U{Ss), and to show the claim it is enough to notice that r-„V,T'nf/(iri) = 0 
where now r^n+i is the standard model for the Dehn twist. 

Let {x,v) eT'ci T*Ss with v G v ^ 0. We now notice that the condition that T' 

is to the “left” of S in Figure 19 translates to the fact that 

(37) (n, JWh{x)) > 0 . 

Here J is an almost complex structure on T*Si with respect to which, as at Step 2, the map 
vr' = TT o fc is holomorphic. This follows from the same inequality that is valid for the planar 
projection of T' relative to 70 . Equation (37) implies that the geodesic flow with origin (a:,n) 
has its vertical component pointing in the direction of — Vh (because if {v,w) > 0 , then the 
geodesic associated to v points in the direction of Jw). Thus, the inverse of the geodesic flow 
points in the direction of Vh and therefore away from Ki. As a consequence, it is easy to 
see that the orbit (j)f{x,v) for —vr < f < 0 does not intersect U{Ki) and, as a consequence, 
Tg^{T') nV = 0 - see also Figure 20. □ 




Figure 20. The cap Ki C the set T[ containing the point {x,v) together 
with the geodesic starting from x in the direction of —Jv and ending at —x. 


Corollary 4.4.3. With the notation in Proposition 4-4-i the cobordism ts'V is hamiltonian 
isotopic - via an isotopy with compact support - to a cobordism that is remote relative to E. 

Proof. We already know from Proposition 4.4.1 that V = ts'V is disjoint from T. Consider 
an fl-compatible almost complex structure J on E with the additional property that vr : 
E —> C is J-holomorphic. It is well known that the function /m( 7 r) : E —>■ M dehnes 
a Morse function on E whose negative gradient flow f (with respect to the metric induced 
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by (f2, J)) is also Hamiltonian. Moreover ^ has the thimble T as a stable manifold. Write 
^ with H : E ^ M.. Now consider a smooth function r/ : C —)■ M so that r]{z) = 1 if 

2 ; G [—au — 1, a^/ + 1] X [—|, +cxd) and r]{z) = 0 if x G {{— 00 , —au — 2] x M) U {[—au — 2,au + 
2] X (—00, — |]) U {[au + 2, cx)) x M). Let be the Hamiltonian flow of the function {rj o n)H 
dehned on E. It is easy to see that, after sufficient time, the ffow isotopes V to a new 
cobordism V" that is included in x (—00, 0] x MUQ^)- Therefore, V” is remote relative 

to E. Moreover, as the ends of V are not moved by this isotopy, it is easy to see that, by 
a further truncation of V" is hamiltonian isotopic to V through a compactly supported 
isotopy. □ 

4.4.2. Multiple singularities. Consider a Lefschetz fibration tt : —)■ C as in §4.1, thus possibly 

with more than one singularity. 

We £x 1/ G Oh{Euk*{E)), V ^ (Li,...,Ls). The purpose of this subsection is to 
describe an extension of Proposition 4.4.1 and Corollary 4.4.3 to the case of multiple singu¬ 
larities. 

We will consider a fibration 7 f : E ^ C that extends E and has one more singularity x{ for 
each singular point a:*, 1 < i < m, of vr so that the vanishing cycles of Xi and x{ can be related 
by matching cycles Si that are the analogues of the matching cycle S.y from Proposition 4.4.1. 
The specific positioning of the corresponding critical values v[ in the plane C is important as 
is as in Figure 21. We then obtain Lagrangian spheres, S{ that are hamiltonian isotopic to Si 
(as in Figure 21) and we then consider the image of V under the iterated Dehn twist 

V' = To O To O ■ ■ ■ O To {V) 

inside E as well as the following Hamiltonian isotopic copy of it V" = ts'^ ots' o ■ ■ ■ o us' (H) 
obtained by applying an iterated Dehn twist along the Lagrangian spheres 5' which are 
Hamiltonian isotopic to the S/s. 

Let be the vertical thimble with origin the critical point Xi and projecting to the vertical 
half-line {i} x [|, 00 ). The thimbles generalize the thimble T considered earlier (just before 
Proposition 4.4.1) in the context of one singularity to the case of multiple singularities. We 
denote them by (this avoids confusion with the thimbles Tj that are horizontal at inhnity 
and are associated to the curves U, see Figure 10). 

Corollary 4.4.4. It is possible to construct E and the Lagrangian spheres S{ so that the 
cobordism V" is disjoint from all the thimbles I^i. As a conseguence, there exists a horizontal 
Hamiltonian isotopy 0 so that the cobordism /{V") G E is remote relative to E. In particular, 
in DEuk*{E), there exists a cone decomposition: 


V/ — (% X Lg —>■ 7s_i X Lg_i 72 X L 2 ) . 
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Figure 21. The cobordism V ^ (Li, L 2 , T 3 , L 4 ), the Lagrangian spheres 
S' 4 ,S' 2 ,S '3 together with the vertical thimbles ^ so that V" = ts!^ o 

r5^_i o ■ ■ ■ o Ts'^iy) is disjoint from the ^’s. 

Proof. The hrst part of the proof is to construct iteratively hbrations dj : i?* —)■ C with Eq = E 
and with the hnal hbration E = Em so that Ei+i extends Ei and has one more singularity, 
compared to Ei. At each step we also construct the matching cycles Si joining Xi to x' 
and their Hamiltonian isotopic images S'' so that the relevant properties are satished. Here are 
more details on the induction step. Assume that Ek has already been constructed together 
with the matching cycles Si and their hamiltonian isotopic copies S'', 1 < i < A; so that 
Vl' = Ts'^ o Ts'^ j ° ° U 5 / {V) is disjoint from 1 < i < k. We now consider the cobordism 

Vl' and the vertical thimble ^+1 and we apply to them the construction described in the 
proof of Proposition 4.4.1. This produces hrst a new hbration Ek+i that has an additional 
singularity denoted now by Here, the only diherence with respect to the construction of 
E in Proposition 4.4.1 is that the coordinates of the critical value associated to is 
now (—1, —k — |) and the set f/, outside which is tame, is extended appropriately inside 
the third-quadrant. Further, just as in the proof of Proposition 4.4.1 we can construct the 
deformed thimble ^k+i as well as the matching cycle S^ so that S^ coincides with ^+1 over 
a certain sub-segment of 7 . Two important points should be made here: hrst, the place of V 
in the proof of Proposition 4.4.1 is taken here by second S^k+i as well as ^k+i and S.y 

are all disjoint from ^i for i < k. Now, again as in the proof of Proposition 4.4.1, we obtain 
that there exists a hamiltonian isotopy fjk+i supported outside a neighborhood of so that 
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S'k+i = 'ipk+iiS^) has the property that is disjoint from ^k+i- One additional 

point appears here: it is easy to see that the isotopy 'ipk+i can be assumed to leave hxed ^ 
for i < k. By dehning by using a sufficiently small neighborhood of so that 

n ^ = 0 for alH < k, we also deduce n^ = 01<i<fc and the induction step 
is completed. 

We now put V = and we know that V” is disjoint from all the thimbles Constructing 
the horizontal isotopy that transforms V" into a cobordism V" remote relative to is a simple 
exercise by, possibly, iterating the construction in Corollary 4.4.3. 

Finally, the cone-decomposition in the statement follows by applying to V"' Proposition 4.3.1. 

□ 

The following proposition establishes monotonicity properties for E that will be used later 
on in §4.6 when proving Theorems 4.2.1 and A. 

Proposition 4.4.5. If the Lefschetz fibration E — > C is strongly monotone (see Defini¬ 
tion 3.2.1) then the extended fibration E —> C is strongly monotone too and has the same 
monotonicity class *. The matching spheres Sj C E are monotone of class * and if the cobor¬ 
dism V C E is monotone of class * then it continues to be monotone of the same class when 
viewed as a cobordism in E. 

Proof. Denote by M the generic hber of E. Assume hrst that dim^M > 4. By Remark 3.2.2 
M is monotone. Denote for every 1 < j < m by \j the path connecting Xj to x) over which the 
matching cycle Sj was constructed, as in Figure 21. Pick a point pj on \j in such a way that 
all the points pi,... ,Pm are in the upper half-plane and all of them lie in one of the domain 
where E is tame. Divide each of the \j into two parts: going from Xj to pj and that 

goes (in the opposite orientation to \j) from x) to pj. Since Sj is a matching cycle, the two 
vanishing spheres in Ep. = n~^{pj) associated to the paths and \f coincide. It follows that 
if Case (ii) in Dehnition 3.2.1 is applicable then it is satished also for the hbration E. This 
proves that E is strongly monotone under the assumption that dimuM > 4. It is not hard 
to see that its monotonicity class * is the same as the one of *. That V remains monotone 
when viewed in E follows easily from the fact that when dimu M > 4 the map induced by the 
inclusion 7r2(i?, V) —)■ 7r2(.F, V) is surjective. 

The statement about the matching spheres will be proved below, at the present proof, as it 
does not require any assumptions on the dimension of M. 

We now turn to the case dimjR M = 2. Recall that in this case strong monotonicity assumes 
that E itself is a monotone manifold. We will hrst determine the homotopy type of E and 
that of E. Consider the complement (in C) of the union of curves U^^Aj. This has several 
unbounded connected components and several bounded ones (unless m = 1,2, when there are 
only unbounded ones). Denote by C C the closure of the union of the bounded components. 
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If m = 1 take B to be just a point on Ai in the upper half-plane which is not Xi or and if 
m = 2 take B = \i (1 A 2 . Put E\^b = U B). Then the inclusion E\^b —^ E is a 

homotopy equivalence. 

Denote by C Xj the part of Xj that starts from Xj till the point where it enters B, and 
by Ij the path starting at x'j and goes along Xj, with the reverse orientation, till the point it 
hits the domain B. Put Ei+ q = 7r~^(UjXil^ U B). The inclusion Ei+^q —> E is a homotopy 
equivalence too. 

Consider now the following subspaces: 


E^ 



J 


where T,+ is the thimble associated to and similarly for T,-. Thus E^ is obtained from Ej^ 
by attaching to it m pairs of (n -|- l)-dimensional balls by identifying their boundaries with 
vanishing spheres of some fibers of E over B. The space E^ has an analogous description, by 
using only the T^+’s. Note also that 




By standard arguments from Morse theory the inclusions E'^ —)■ E\^b and Eq —)■ Ei+^q 
are homotopy equivalences. 

We are now ready to show that E is a monotone symplectic manifold. For a space X we 
denote by iJf(X) = image ( 7 r 2 (X) —)■ H 2 {X)) the image of the Hurewicz homomorphism. 
Denote by j : E^ —)■ E^ the inclusion and by j* its induced map on . Since B is 
contractible, it is easy to see that H^^E^) is generated by image (j*) together with the classes 
[.Si],..., [.Smj. As E is assumed to be monotone and Sj are Lagrangian it readily follows that 
E is monotone too. 

The monotonicity ofVcE can be proved by similar methods. For a pair of spaces Y G X 
put H 2 {X,Y) = image ( 712 (X, F) — > H 2 {X,Y)). A similar argument to the preceding one 
combined with the homotopy long exact sequence of the triple {E, E, V) shows that H^{E, V) 
is generated by image (A) together with [Ai],..., [S'm], where i* is the map induced by the 
inclusion {E,V) —)■ {E,V) and the [S'^j’s are viewed as elements of H 2 {E,V) via the map 
H 2 —)■ H 2 ■ As before, since [Sj] are Lagrangian it follows that V G E remains monotone. 
Moreover, it is easy to see that its monotonicity class * remains unchanged. 

Finally, we prove the statement about the matching spheres. The argument below works 
for M of arbitrary positive dimension. Let S be one of the matching spheres Sj. Since S is 
simply connected (recall that dimM > 0) and E is monotone it follows that S is monotone 
too. Moreover, if the monotonicity constant of E satishes p > 0, then S will have the same 
constant. 
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It remains to show that dg = dE- Recall that d^ counts the number of pseudo-holomorphic 
disks in E with boundary on S that go through a given point in S. Pick a point p G S' such 
that its projection z = n{p) belongs to the upper half-plane and is in a region where both E 
and E are tame. Denote by W C C the domain over which E is tame. Let J be an almost 
complex structure on E, compatible with the symplectic structure and such that vr : E —)■ C 
is J-holomorphic above U. Standard arguments show that the class of such almost complex 
structures contain regular ones and therefore one can calculate d^ using such a J. 

Let u : (D, dD) —> {E, S) be a J-holomorphic disk with u{dD) 3 p. Let v = nou : D —C 
be the projection of u to C. We claim that v is constant, hence the image of u is in the hber 
Ez = M. To prove this, suppose by contradiction that v is not constant. We have v{dD) C A, 
where A = 7 i{S) is a curve (connecting two critical values Xj and a;'- of vr). Note that v is 
holomorphic on Ti := v~^{U). Let ^ G dD be a point such that v{^) = 2 ;. Clearly ^ E Ti. 
Without loss of generality we may assume that ^ is not a critical value of v (otherwise, move 
z slightly to a nearby point on A which is still in the image of v and which is a regular value 
of v). By the open mapping theorem it is impossible for v{D) to intersect the part of U that 
is on the right-hand side of A. Thus in a neighborhood of z, the image v{D) must be on 
the left-hand side of A. Since v is holomorphic near ^ it follows that when we go along dD 
counterclockwise through the image of v goes along A in the upper direction. This holds 
for all points ^ G v~^{z). But this is impossible since A is not a closed curve, so there must 
be another point G dD with v{^') = z and such that when we go counterclockwise along 
dD around the image of v goes in the lower direction of A. A contradiction. This proves 
that V is constant, hence imageu C Ez. We thus conclude that d§ = ds, where S C Ez 
is the vanishing sphere corresponding to the matching sphere S. It now easily follows that 
dg = dE- n 


4.4.3. Dehn twist as multiple surgery. Here we give an interpretation of the action of a Dehn 
twist on Lagrangian submanifolds in terms of surgery. Fix —)■ S' C M, a parametrized 
Lagrangian sphere and let L be another Lagrangian submanifold of {M,u). It is know that 
if L and S' intersect transversely and in a single point, then Lagrangian surgery at this point 
produces a Lagrangian that is Hamiltonian isotopic to the Dehn twist tsL of L along 
S' (see e.g. [Sell, Tho]). (See [Pol] as well as [LS] for the dehnition of Lagrangian surgery, 
and see below for our conventions regarding the choice of handles in the surgery). Assume 
now that L is still transverse to S' but that the number of intersection points L fl S is more 
than one. In this case too, one can express the Dehn twist ts{L) as a certain type of surgery. 
The construction goes as follows. Assume that L fl S' = {pi,... ,Pr}. Fix an additional point 
Po E S and a small neighborhood of it H C S'. 
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i. Consider r hamiltonian diffeomorphisms 0-^, 1 < j < r supported in a small Weinstein 

neighborhood of S, so that Sj = is transverse to S and Sj O S = {pj,p'j} for 

some additional point p' G V. 

ii. Pick small disks Dj C L centered at pj and disks Dj^ C Sj also centered at pj as well 

as Lagrangian handles Hj C M defined in a small neighborhood of pj that join Sj to L 
so that {L\Dj) U {Sj\Dj^) UHj is the usual Lagrangian surgery L^Sj between L and 
Sj at the point pj (this is, in general, an immersed Lagrangian). Notice that there are 
two choices for Lagrangian surgery at each intersection point. The choice used here is 
the same at each point and is the one defined as follows (this is the same convention 
as in [BC2]). The sphere S is oriented hence so are the S'/s. This induces a local 
orientation on L (even if L is not orientable) near each intersection point pj in such a 
way that Tp^Sj © Tp-L gives the orientation of Tp.M. We then symplectically identify 
a neighborhood of pj G M with a neighborhood of 0 in in such a way that D-^ 

is identihed with a small disk around 0 in M” x {0} and with a small disk around 

0 in {0} X M", with the last two identifications being orientation preserving. The 
model Lagrangian handle is then defined to be Hj = Utg[_i4]7(t)S'"'“^ e C"" = 
where 7(t) : [—1,1] —> C is an appropriately chosen curve whose image is in the 2’nd 
quadrant and such that 7(t) G ]R<o for t close to —1 and 7(t) G iM>o for t close 1. 

hi. Dehne S^frL by 


(38) S#rL = {UjSj \ of ) U (L \ U {VJjHj) . 


In other words S^rL is obtained by performing simultaneously, for all 1 < j < r, the 
one point surgery at pj between Sj and L. 
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Figure 22. Dehn twist as multiple surgery for n = 1 assuming two intersection 
points pi,p 2 between L and S. 

Either by a direct argument - this is instructive to draw in dimension two as in Figure 22 
- or by comparing this multiple surgery construction with the dehnition of r^L, we see that 
there exist choices of (j)^, Dj, Dj \ Hj so that: 

i. S^^rL is embedded and is Hamiltonian isotopic to tsL. 

ii. Sij^rL is transverse to S and it intersects S in the r points p'- G H, 1 < j < r. 

iii. If both L and S are monotone of monotonicity constant p, then so is S^^rL. 

As explained above, the local model for surgery at a point requires an order among the two 
Lagrangians involved. By reversing the order for all the one-point surgeries, we obtain again 
a Lagrangian denoted now L^rS. This has properties similar to i,ii,iii above except that it 
is hamiltonian isotopic to Tg^L. From this perspective. Proposition 4.4.1 claims that, with 
appropriate choices of handles, we have (S'^rV) fl T = 0. 

Remark 4.4.6. a. The “doubling” of singularities used in Proposition 4.4.1 Erst appeared in a 
somewhat different form and with a different purpose in the work of Seidel [Sei3]. From the 
perspective of our paper, the initial approach to the setting of Proposition 4.4.1 was to consider 
a thimble T' (inside E) that projects over the curve 7 in Figure 19 and continues horizontally 
to — 00 . The idea was to disjoin V from T by a process of multiple surgery with multiple 
copies of T', in other words to define V' = T'^rV so that V' HT = 0. Purely geometrically, 
this operation is possible. However, the problem in drawing algebraic conclusions from it is 
that the condition V' CiT = 0 turns out to force that the copies of T' used in the surgery are 
not cylindrical at inhnity (alternatively, one can achieve cylindricity at inhnity at the expense 
that the resulting manifold V would no longer be embedded but only immersed, see also §6.3). 
As a consequence the machinery involving J-holomorphic curves can not be applied directly 
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to V'. On the other hand, by compactifying T' to the sphere S' - as described in the paper 
- this issue is no longer present. The price to pay is that we need to add singularities to the 
initial hbration E. 

b. It is likely that Proposition 4.4.1 can be proven also along an approach closer to Seidel’s 
constructions involving bihbrations. The basic idea along this line would be to construct the 
hbration E by symmetrizing the restriction of the hbration E to the upper semi-plane by a 
rotation a by 180° around the origin in C. This gives rise to a specihc matching cycle that 
projects to a segment joining the singular value Vi to its “mirror” nj. By restricting to a 
suitable disk D containing this segment, we see that the the Dehn twist around this vanishing 
cycle is identihed to the rotation a (Lemma 18.2 in [Sei3]). At the same time if V is assumed 
to be a Lagrangian without ends and included in E, then (t(V) is remote. However, as V is 
in general more complicated this argument does not work directly and thus we gave a direct 
geometric proof. 

4.5. A cobordism viewpoint on Seidel’s exact triangle. In this section we present a new 
proof of Seidel’s exact triangle [Sei2, Sei3]. This is the last essential ingredient for the proof of 
Theorem 4.2.1. Our proof is based on cobordism considerations and is valid in the monotone 
setting. We give full details not only for the sake of self-containedness but also in order to 
emphasize the reason why the Novikov ring A is required in the proof of Theorem 4.2.1: this 
is precisely in establishing Seidel’s exact triangle. Additionally, in the proof of Theorem 4.2.1 
we need a variant of the exact triangle that applies to the case when the Lagrangian to which 
the Dehn twist is applied is itself a cobordism in the total space of a Lefschetz hbration and 
the proof is robust enough to cover this case with minimal adjustment. 

Seidel’s proof [Sei3] assumes an exact setting but his argument adapts to the monotone case 
too and also admits further generalizations as in [WW]. 

4.5.1. The exact triangle. We work, as in the rest of the paper, with coefficients in the universal 
Novikov ring A over Z2 and with monotone Lagrangians assumed to be of class *. Floer 
complexes and Fukaya categories are ungraded. 

Below we will have two versions of the Seidel’s exact triangle. The hrst is for symplectic 
manifolds X (which are either closed or symplectically convex at inhnity) and their compact 
Fukaya categories (i.e. the Fukaya categories whose objects are closed Lagrangian submani¬ 
folds). The second version is specially tailored to the situation when X is itself the total space 
of a Lefschetz hbration and the Fukaya category considered in X is that of negatively ended 
cobordisms in X. It is the second version that will be used in the proof of Theorem 4.2.1. We 
will later exhibit X as a hber in a Lefschetz hbration denoted by S. The choice of notation 
{S and X) is intentional, in order to avoid confusion with the Lefschetz hbrations E —> C 
and their hbers M that appear in the rest of the paper. 
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Let be a symplectic manifold which is either closed or symplectically convex at 

inhnity. Throughout this section we add the assumption that dim® X > 4. (The reason for this 
restriction will be explained in Remark 4.5.4 below.) Let S a parametrized Lagrangian sphere 
in X, i.e. a Lagrangian submanifold S (Z X together with a diffeomorphism is : —> S. 

Recall that we denote by r 5 : X —)■ X the Dehn twist associated to S. Assume further 
that S' C X is monotone and denote by * its monotonicity class. Following the conventions 
of the paper, we write Xuk*{X) for the Fukaya category of monotone closed Lagrangian 
submanifolds of X of monotonicity class *. 

The following important result was proved by Seidel [Sei 2 ] in the exact case. As mentioned 
above, we extend the result to the monotone case and provide an independent proof. 

Proposition 4.5.1. Let X, S be as above and let Q Z X be another monotone closed La¬ 
grangian submanifold of monotonicity class *. In DIFuk*{X) there is an exact triangle of the 
form: 

(39) ts{Q) -> Q 

S 0 HF{S, Q) 

The proof of this result will occupy most of §4.5.3 below. We note that the maps appearing 
in this exact triangle will be identihed along the proof, they coincide with the corresponding 
maps in Seidel’s exact triangle. 

Remark 4.5.2. If one restricts the objects in the Fukaya category of X to orientable La- 
grangians, our proof should hold also with a Z 2 -grading. Similarly, under more assumptions 
on the Lagrangians (and additional structures) the proof is expected to carry over with a 
Z-grading as well as, if one assumes all Lagrangians to be endowed with spin structures, with 
coefficients in Z. 

4.5.2. Second version of the exact triangle: the case when X is a Lefschetz fibration. Here we 
assume that X is the total space of a tame Lefschetz fibration : X —> C, n > 1, as 

dehned in §2. (The assumption that X is symplectically convex at infinity is now dropped.) We 
denote by IFuk*{X) the Fukaya category of X whose objects are negatively ended Lagrangian 
cobordisms in X of monotonicity class * as defined in §3.3. 

Proposition 4.5.3. For X as above, let S Z X be a monotone Lagrangian sphere of class 
* and let Q Z X be a monotone Lagrangian cobordism (possibly without ends) of the same 
monotonicity class. Then in DFuk*{X) there is an exact triangle as in (39). 

The proof is very similar to the proof of Proposition 4.5.1 (which is given in §4.5.3 below), 
the only difference being that now Q is allowed to be a cobordism rather than just a closed 
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Lagrangian (and similarly for the objects of Tuk*{X)). We explain the necessary modihcations 
in §4.5.7 below. 

4.5.3. Outline of the proof of Proposition f.5.1. The idea of the proof is simple and we snmma- 
rize it here (the precise details are given in §4.5.4 below). By the geometric interpretation of 
the monodromy aronnd an isolated Lefschetz singnlarity - [Arn], see also [Sei2] - there exists a 
Lefschetz hbration tt : £” —)• C with a single singnlarity (chosen at the origin) and with general 
hber X. Moreover, there is a cobordism V C as in Fignre 24, that projects to the cnrve 
7" there, and has ends Q and tsQ. Consider a second cobordism W, as in the same pictnre, 
obtained as the trail of N along the curve 7', where N is any Lagrangian in £*(X). The cobor¬ 
dism techniques in [BC2] produce an associated chain morphism CF{N,tsQ) —t CF{N,Q) 
given by counting the Floer strips going from the intersections of W and V that project 
to Wi to the intersections that project to tco and the cone - in the sense of chain com¬ 
plexes - over this morphism is CF{W, V). The proof reduces to hnding a quasi-isomorphism 
CF{N, S) ® CF{S, Q) —)• CF{W, V). The next step is again geometric and is based on the 
well-known fact that the function Re(7r) is Morse with a single singularity at the origin and 
that its gradient with respect to the standard metric is Hamiltonian. Moreover, the positive 
horizontal thimble originating at 0 is the stable manifold of Re(7r) and the negative horizontal 
thimble is the unstable manifold of Re(7r). To start this stage in the proof, we use the flow 
of VRe(7r) to push W to the right in picture Figure 24 thus getting W] similarly, we use the 
gradient of —Re(7r) to push V to the left in the same picture thus getting V - see Figure 25. 
We notice that CF{W^V) = CF{W^V) and analyze the complex CF{W^V). Assuming all 
relevant intersections are generic, by standard Morse theory, if W is pushed enough to the 
right, W intersects a neighborhood around the singularity in a number ni of copies of the 
stable manifold of Re(7r). Moreover, ni is equal to the number of intersections of W with the 
unstable manifold of Re(7r). Similarly, V intersects the same neighborhood in 77-2 copies of the 
unstable manifold of Re(7r) and 77,2 is equal to the number of intersections of V with the stable 
manifold of Re(7r). The interpretation of the stable and unstable manifolds as thimbles (and 
our transversality assumptions) immediately imply that ni equals the number of intersection 
points N n S and 772 is the number of intersections S (1 Q. Moreover, each copy of the stable 
manifold that is associated to W' intersects precisely once each copy of the unstable manifold 
that is contained in V'. In short, it follows that there is a bijection S between the following 
two sets (77 n S') X (S' n Q) = {W fl V). The last step of the proof is more technical and shows 
that S extends to a quasi-isomorphism of chain complexes. The basic idea here is to compare 
the bijection S with the product p .2 '■ C'R(fF, Ta) ® CF{T^,V) —>■ CF{W,V) where Ta is a 
thimble as in Figure 24. The key part of the argument is to notice that the J-holomorphic 
triangles giving this product decompose in two classes: “short” ones, of small area, and “long” 
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ones, of big area, and that the short component of p 2 is a bijection identihed to S. Because we 
work over A this means that the product /i 2 is a quasi isomorphism and the wanted statement 
easily follows. 

Remark 4.5.4. The reason we restrict ourselves to dim^X > 4 is the following. As mentioned 
above, the proof uses an auxiliary Lefschetz hbration £ with a single singularity and with 
general hber X. Moreover, we will use a version of the Fukaya category of of cobordisms in £. 
For this to work we need £ to be strongly monotone (see Dehnition 3.2.1). This easy follows 
from the monotonicity of X when dim® X > 4. However, when dim® X = 2 this might not be 
the case anymore. It seems plausible that this difficulty can be overcome (since in dimension 
4 (i.e. the dimension of £) for a generic almost complex structure there are no holomorphic 
disks with non-positive Maslov numbers.) 

4.5.4. Proof of Proposition f.5.1. The actual proof consists of seven steps that follow below. 
Two auxiliary Lemmas that are used along the way are proved in §4.5.5 and §4.5.6. 

To £x ideas, we hrst carry out the proof under the assumption that X is closed. We discuss 
the non-compact case at the end. 

Step 1: Constructing an appropriate Lefschetz fibration. 

We hrst claim that there exists a Lefschetz hbration tt : £ —)■ C with symplectic structure 
so that £ is tame over a subset W C C as in Figure 23, and there is a symplectic trivialization 
over W (see Dehnition 2.2.2), such that £^ D and have the following properties: 

(1) The hbration has only one critical point p E £ lying over 0 G C. 

(2) The hber {£zo-,kl\£^^) over zq = —10 G C is symplectomorphic via the trivialization 
to {X,uj). (Henceforth we make this identihcation.) 

(3) The vanishing cycle in £zq associated to the path going from zq to 0 along the x-axis 
is S. 

(4) The monodromy associated to a loop A based at Zq that goes around 0 counterclockwise 
is Hamiltonian isotopic to ts- 

To prove this we hrst construct a Lefschetz hbration £ —)■ C (not necessarily tame) whose 
total space is endowed with a symplectic structure D* and with the following properties: 

(1) The hbration has only one critical point p E £ lying over 0 G C. 

(2) The hber over 2 ;q = —1 G C is {£z*-,£l\£^,) = (X,cu). 

(3) The vanishing cycle in £z* associated to the path going from z^ to 0 along the x-axis 
is Hamiltonian isotopic to S. 

(4) The monodromy around a loop A* based at Zq which goes counterclockwise around the 
critical value 0 is Hamiltonian isotopic to the Dehn twist ts- 
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Figure 23. Constructing the fibration 8 . 

The proof that such a Lefschetz hbration exists follows from [Sei2] (see also Chapter 16e 
in [Sei3]), where it is proved for exact Lagrangian spheres. This is a local argument and 
therefore that proof extends to the case when X is possibly not exact. 

Given the fibration 8 —?• C and hi* we apply Proposition 2.3.1 with appropriate subsets 
N and W as in Figure 23 and base point zq = —10. We obtain a new symplectic structure 
n' on 8 with respect to which the fibration is tame over W and such that hi' coincides with 
n* over M. We thus obtain a trivialization xjj' : (W x X',cujc ©a;') — > where 

{X',u') = and c> 0. 

Consider the loop A which starts at zq, goes to Zq along the x-axis, then goes along A* 
and finally comes back to Zq along the x-axis. Parallel transport along the straight segment 
connecting zq to Zq and with respect to the connection P' = P(fl') gives a symplectomorphism 
ip : {X',oj') —)■ (X,a;). Put S' = Clearly the monodromy (with respect to P') along A 

is O Ts(p = Ts'- 

Finally, the desired symplectic structure on 8 and the trivialization are obtained by taking 
n = hi' and -0 = -0' o (id X 

From now on the trivialization ip will be implicitly assumed and we make the following 
identihcation 

(T|w 5 f^|7r-i(w)) = (kV X X, aoc © 

Step 2: Translating the problem to cobordisms. 

First note that 8 is strongly monotone of class *. This follows immediately from the 
Dehnition 3.2.1 (recall that we have assumed that dim^X > 4) and Remark 3.2.4. 
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Let 7 ' C C be the curve depicted in Figure 24. In a similar way to [BC3] 7 ' gives rise to an 
inclusion functor 

Xy : J^uk*{X) Xuk*{S) 

whose action on objects is X^i{N) = j'N, where j'N C S stands for the trail of N along 
the curve 7 ' (see §2.1.1). Here, by Xuk*{S) we mean the Fukaya category of cobordisms in 
S of monotonicity class * but we do not require the cobordisms to be only negatively ended. 
This category is dehned, following the recipe in [BC3] as described in §3.3, but by also using 
perturbations and bottlenecks associated to the positive ends. For the purpose of the proof 
below, it is actually enough to restrict to a subcategory whose objects are cobordisms in £ 
that project to curves in C. 



Figure 24. The cobordisms V, W and Ta. 

Denote W = ZyN = y'N and view it as a cobordism in £. Next, consider the curve 7" C C 
as depicted in Figure 24 and £x a base point Wq G 7" fl W. Define V C (X, D) to be the 
Lagrangian submanifold obtained as the trail of Q C 8^0 = X along 7". Clearly both V and 
W are monotone and by standard arguments (see [Che] and also [BC2, Remark 2.2.4]) we 
have dy = dg and dw = djy. It follows that both V and W are monotone of class * hence are 
legitimate objects of the Fukaya category Xuk*{£) as considered in this section. 

Note that since the hbration (X, D) is symplectically trivial over W the lower end of V is 
identihed with Q and due to the homotopy class of 7 " (in (C \ {0}, rel 00 )) the upper end of 
1/ is a Lagrangian submanifold of X which is Hamiltonian isotopic to ts{Q)- Similarly, the 
lower end of W is cylindrical over N and the upper end is cylindrical over r^^(iV). 

Below we will work with the Fukaya categories of both X and 8 . Our choices of auxiliary 
parameters (Floer and perturbation data, etc.) for these categories will be as described in §3. 
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We therefore omit them from the notation in Floer complexes and the other Ago-strnatures. 
There are a few modihcations compared to the conventions used in §3: we assume that the 
ends of the curve 7 ' are at height —2 and 2 and the ends of 7 " are at —1 and 1. In other 
words, to £t precisely the setting in §3 we need to translate the whole picture by +3i. Clearly, 
this adjustment is formal and it has no impact on the construction of the relevant Fukaya 
categories (it is required because we prefer to keep the critical value of vr to be at 0 ). 

Denote by yx ■ yuk*{X) — )■ mod{yuk*(X)) and y : Xuk*{£) — > mod{Xuk*{£)) the 
Yoneda embeddings associated to the Fukaya categories of X and £ respectively. When no 
confusion may arise we will simplify the notation and denote the module yx{L) associated to 
a Lagrangian L G X simply by L and similarly for £. 

We now analyze the pullback module X*iV G mod{Xuk*{X)). Similar arguments to §4.4 
[BC3] (see also §4.3 in this paper, in particular the exact sequence at Step 3 i.) show that we 
have a quasi-isomorphism: 

(40) X*,V ~ cone(r5((5) —-—t Q), 

for some homomorphism of Tloo-modules (p that is induced by counting holomorphic strips 
(and polygons) going from the intersection of V with W at the ts{Q) end to the intersection 
of V and W at the Q end - see Figure 24. 

Let Tx G £ he the thimble corresponding to the “diagonal” curve A depicted in Figure 24. 
By Proposition 3.2.3 Tx is monontone of class (*) and we view it as an object of Xuk*{£). 
Consider now the J^M/c*(T)-module 

(41) M=Tx^CF{Tx,V), 

where the second factor in the tensor product is regarded as a chain complex (see Chapter 3c 
in [Sei3] for the dehnition of the tensor product of an Aoo-module and a chain complex). 

The Aoo-operations /ifc, k > 2, induce a homomorphism of modules Ai —?■ V. Pulling back 
by Xy, this homomorphism induces a homomorphism of J^Mfc*(A)-modules: 

(42) 1 / : x;,M x;,v. 

We claim that Proposition 4.5.1 reduces to the next statement: 

Proposition 4.5.5. The homomorphism u is a quasi-isomorphism. 

This is due to the following quasi-isomorphisms: 

(43) X;,M = X*yTx ® CF{Tx, V) - S ® CF{S, Q). 

Here we identify S and its image under the Yoneda embedding. 

In turn, by the general theory of Hoo-categories, in order to prove Proposition 4.5.5 it is 
enough to show that for every Lagrangian N G Ob{Fuk*{X)) the map 
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(44) /i 2 : CF{iN, Ta) 0 CF{T^, V) CFij'N, V) 

is a quasi-isomorphism. (Recall that q'iV stands for the trail of N along 7 '.) 

Remark 4.5.6. We have not indicated at this moment the choices of Floer and perturbation 
data in (44) for two reasons. This is becanse, whether or not the map in (44) is a qnasi- 
isomorphism does not depend on these specific choices (the indnced prodnct in homology 
is canonical). Moreover, later on in the proof we will actnally make use of a very specific 
choice of parameters (which is different than the one nsed in §3 when setting np the entire 
Fnkaya category of !) for which it will be convenient to prove that the map in (44) is a 
qnasi-isomorphism. 

The rest of this section will be devoted to proving that (44) is a qnasi-isomorphism. For 
brevity we denote from now on PF = 7 W C £ (see Fignre 24). 


Step 3: Stretching the cobordisms. 
Write the projection tt : £ —)■ C as 


TT = Re( 7 r) -I- Im( 7 r)b 


Denote by Z = —VRe( 7 r) the negative gradient vector field of the real part of tt with respect 
to the Riemannian metric indnced on £ by (D, Js). Since the fnnctions Re( 7 r) and Im( 7 r) are 
harmonic conjngate (recall that vr is holomorphic), it follows that Z is also the Hamiltonian 
vector field associated to the fnnction Im(7r). 

The flow of the vector field Z will be nsed extensively thronghont the rest of the proof. 
However, dne to the non-compactness of T, it might lack to be defined for all times. To 
overcome this difiicnlty we proceed as follows. Write yi + iy 2 ^ C for the standard coordinates 
on C. Denote by the cnrvatnre of the connection F(D). (Recall that this is a 2-form on 

C with valnes in the space of Hamiltonian fnnctions of the fibers oi £.) A straightforward 
calcnlation shows that for every z G C, p G £”2 we have: 


(45) 


Z{z,p) — 


-1 


C{z) - RUdy„dy^){p) 


idy,) 


hor 


where C : C —)■ M is a fnnction and (9j/i)^“ stands for the horizontal lift of dy^^. Since 
Z = —VRe( 7 r) it follows that the denominator on the right-hand side of (45) is always 
positive. Fix a positive real nnmber a > 0 and define 


kl' = Q, + a'K*dyi A dy 2 . 


Note that Js continnes to be compatible with D'. Denote by Z' the negative gradient of 
the same fnnction, Re( 7 r), bnt now defined via the metric associated to (D', J^-). A simple 
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calculation shows that: 

^ a + C{z)-Rl{d,,,dy,){r) 

Clearly the coefficient standing before on the right-hand side of (46) is bounded from 

above by 1/a. It now easily follows that the flow of Z' exists for all times (recall that we are 
under the assumption that the hber X is compact). Finally, note that the connections of 
and fl' are the same and moreover, V and W continue both to be Lagrangian cobordisms with 
respect to the new form f2'. 

Summarizing the preceding procedure, by replacing by fl' we may assume that the neg¬ 
ative gradient flow of Re(7r) exists for all times. For simplicity we continue to denote the 
symplectic structure of by fl. 

Denote by 0t, t G M, the flow of Z. Note that the function Re(7r) is a Morse function with 
exactly one critical point p E £ lying over 0 G C. The Morse index of Re(7r) at p is precisely 
n + 1 = dimcT. Denote by (pt, f G M, the flow of Z. The stable submanifold of Z is the 
thimble T' lying over the positive x-axis and the unstable submanifold of Z is the thimble T" 
lying over the negative x-axis. Note that we have JsTp{T') = Tp{T"). 



Figure 25. The cobordisms V, W after the flows cpt and 0^ ^ are applied to 
them for large time t. 

Denote by B'{r) = B"{r) = i?"'+^(r) C two copies of the n + 1-dimensional closed 

Euclidean ball of radius r around 0 G (Since each of these two balls corresponds to a 

different factor of x we have chosen to denote them by different symbols.) 

Fix a little neighborhood Qp (Z £ oi p which is symplectomorphic to a product B'{rQ) x 
R"(ro) C (M"'+^ X M”+^,a;can = dpi /\ dqi + ■ ■ ■ dpm A dqm) for some small tq. Below we will 
abbreviate B' = B'{ro), B" = B"{ro). 
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We may assume that the symplectic identihcation Qp ^ B' x B" sends T' ft Qp to B' x {0} 
and T" fl Qp to {0} x B” and T/\ to the diagonal {(x, y) E B' x B” \ x = y}. From now on we 
assume the identihcation Qp k, B' x B" explicit and when convenient view Qp as a subset of 

]^2m_ 

We now apply the how (pt to V and to W (see Figures 25, 26). Standard arguments in 
Morse theory imply that for to 3> 1 we have 


frAW') n Qp = II f', 4>,,(V) n Qp = IIC", 

i=l j=l 

where D[ C Qp are graphs of exact 1-forms on B' and D'- C Qp are graphs of exact 1-forms on 
B”. Here s” = #(fF flT") and s' = flT') are the number of intersection points (counted 
without signs) of IF fl T" and F fl T' respectively. Note also that by our construction of £ 
we have s" = #(W fl S') and s' = #(Q H S'), where S' is the vanishing sphere T' fl £x with 
0 < a; large enough so that x G W. Note that S', when viewed as a Lagrangian in {X,u) is 
Hamiltonian isotopic to S. 

Fix 0 < ^0 ^ 1/3. By taking to large enough we may assume that 

(47) <p-\W) nQpCB'x B"{6oro), 0i„(F) nQpC B'{6oro) x B" 

and moreover that each of the H' (resp. H/’s) is C^-close to a constant section of B' x B" —)■ B' 
(resp. B' X B" -E B'). See Figure 26. 



Figure 26. The parts of (/>i(F) and (1)^ ^iW) that lie in Qp. 
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Thus by applying a suitable Hamiltonian diffeomorphism of Qp (which extends to the rest 
of we may assume that 

s" s' 

Ki^)^Qp = II 'S' X {a''(to)}, <Pto{V)nQp = II{a'(to)} x B", 

i=l 7=1 

where |a'(to)|, 107 (^ 0 )! < ^oFo- See Figure 27. 



Figure 27. Isotoping (j)to{V) Fi Qp and 0to^(fF) n Qp to be constant sections. 

Fix now to large enough as above and set 

H:=0i,(H), W = r\to){W). 

For r',r" < tq we abbreviate B{r',r'') := B'{r') x B''{r") and also B = i?(ro,ro) = B' x B". 
Step 4: A further isotopy of V and W . 

We claim there exist two Hamiltonian isotopies 0 < t < 1, with = id and 

with the following properties for every 0 < t < 1: 

(1) V’t, both supported in Int {B). 

(2) V>((1F) nH(ro/3,ro/3) = UCi ^'(^o/3) x {6''(t)} with |6''(t)| < (1 -1) Vo for every i. 

(3) V(H) nH(ro/3,ro/3) = U^Li{bj{t)} x B"{ro/3) with \b'j{t)\ < (1 -t)Vo for every j. 

(4) n (((S'(ro) \ 5'(2ro/3)) x H"(ro)) =Wn ((S'(ro) \ S'(2ro/3)) x H"(ro)). 

(5) V(H) n (H'(ro) X (H"(ro) \H"(2ro/3))) = Hn (^'(ro) x (H"(ro) \ i?"(2ro/3))). 

(6) fj'AW) and fj'IiV) intersect only inside BfSoro, Soro). Moreover, their intersection is: 

n V(H) = Ub'(t), b''(t)) I 1 < 7 < s", 1 < j < y}. 
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(7) Ta C 5(ro/3,ro/3) and Ta n^'(W^) C S(ro/3,ro/3). . 

See Figure 28. The construction of the isotopies is elementary and can be done quite 

explicitly. For point (7) one might need to reduce the size of the parameter (5o from (47), 
which can be done in advance. 



Figure 28. The isotopies t/’"(hF) 

To keep the notation short we now set: 

Note that Wt H i?(ro,ro) is disconnected and has precisely s” connected components, each 
of which looks like a copy of B' x {0} which is (non-linearly) translated along the i?"-axis. 
These components lie in “parallel” position one with respect to the other (see Figure 28). 
We will refer to these components as the sheets of Wt inside i?(ro,ro) and denote them by 
S^{t), i = 1,... ,s". The indexing here is so that (t) coincides with B'{rQ/3) x {b”{t)} 
inside B{ro/3, ro/3). Similarly, V)ni?(ro, ro) is disconnected and consists of s' “parallel” sheets 
which are all “translates” of {0} x B". We denote them by Sj(t), j = 1,..., s', where the 
indexing is done so that (t) coincides with {bj(t)} x I?" (ro/3) inside S' (ro/3, ro/3). See 
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Figure 28. Clearly we have 

sr{t)nsj{t) = {{b'{t),bmh 

^ snt)nT^ = {mt),b':m, T^nsjit) = {ib'it),b'm- 

Step 5 : ylrea estimates for large holomorphic triangles. Let D' = D \ {zi, Z 2 , Z 3 } be the unit 
disk punctured at three boundary points Zi,Z 2 , Z 3 ordered clock-wise along dD. Fix strip-like 
ends around the punctures (see §3), and denote by dijD', the arc on dD' connecting Zi with 

We will now consider a special almost complex structure on B = B' x B". We iden¬ 
tify X with in the obvious way via (a:i,..., |/i, • • •, i/n+ 2 ) '—t (xi -|- 

iyi,... ,Xn +2 + iyn+ 2 )- This induces a complex structure Jstd on x We dehne 

to be the restriction of Jstd to i? C x Dehne now j7o to be the space of D- 

compatible domain-dependent almost complex structures J = {Jz}z&d' which coincide with 
J^ on B. For elements J G Jq, and 2 ; G D', p E £ we will also write J{z,p) for the restriction 
of Jz to Tp£. 

Consider now hnite energy solutions to the Floer equation with boundary conditions on the 
Lagrangians Wt,T^,Vt. 

u : D' —;■ £, E{u) < 00 , 

( 49 ) Du + J {z, u) o Du o j = 0, 

u{d 3 ,iD') C Wt, u(d,, 2 D') C Ta, u(d 2 , 3 D') C Vt 

together with the requirement that u converges along each strip-like end of D' to an intersection 
point between the corresponding pair of Lagrangians (associated to the two arcs of dD' that 
neighbor a given puncture). Thus u extends continuously to a map u : D —> £ with 

u{zi) G Wt n Ta, u(z2) G Ta n Vt, 11 (^ 3 ) ^ Wt fl V). 

In what follows we denote for a (hnite energy) map u : D —> £ by An{u) = Jpj,u*fl its 
symplectic area. 

We now hx once and for all ri with 2ro/3 < ri < Tq. 

Lemma 4.5.7. There exists a constant C = C{ri,W,V) > 0 (that depends only on ri and 
W = Wo, V = Voy^ with the following property. Let 0 < t < 1 and J G Jo. Then every solution 
u : D' —)■ £ of (49) with u{D') B{ri,ri) must satisfy Aq{u) > C. 

The proof of the lemma is given in §4.5.5 below. 

Next consider the intersections between any of Wt, Vt and Ta. Recall from (48) the inter¬ 
sections between (t), Sj(t) and Ta. For simplicity we set 

w^{t) = (&''(t),fe''(t)), v,{t) = (6;.(t),6 '(t)), x,,{t) = {b'^{t),b''{t)). 
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With this notation we have: 

IW n Ta = {wi{t) I 1 < i < s"}, Ta n i/i = I 1 < j < s'}, 

(50) _ _ 

WtnVt = {xij{t) I 1 < i < s", 1 < j < s'}. 

As a consequence from Lemma 4.5.7 we have: 

Corollary 4.5.8. Let 0 < t < 1, J G Jo o,nd u : D' —)■ 8 a solution of (49). If 

u{Zi) = Wi{t), U(Z2) = Vj(t), U(Z3) 7 ^ Xij(t), 

then A^{u) > C, where C is the constant from Lemma 4-5.7. 

Proof of Corollary 4-5.8. Let u : D' —;■ 8 be as in the statement of the corollary. We claim 
that u{dD') <f_ i?(ri,ri). 

To prove this, assume the contrary were the case, i.e. that u{dD') C B{ri,ri). Since 
u{zi) = Wi(t) it follows that u^di^sD') C S^{t). Similarly, from u{z2) = Vj{t) we conclude 
that ■u(Ji^2-D') C Sj{t). It now follows that ui^z^) G (t) fl < 8 ^(t) = {xij{t)}, which is a 
contradiction. This proves that u{dD') ^ B{ri, ri). By Lemma 4.5.7 we have Aq{u) > C. □ 

Step 6: Estimating the small holomorphic triangles. 

Lemma 4.5.9. There exists e > 0 and a constant C' > 0 such that the following holds. Let 
1 — e < t < 1 and 1 < i < s", 1 < j < s' and J G Jq. Then among the solutions of 
eguation (49) there exists a unigue one u with the following two properties: 

(1) U{zi) = Wi{t), U{Z2) = Vj{t), U{Z3) = Xi^j{t). 

(2) A^{u) < C. 

Moreover, this solution u satisfies u{D') C i?(ro/3, ro/3) and Aq^{u) < o'(t), where a(t) - > 

t—>-1- 

0. Furthermore J is regular for the solution u in the sense that the linearized d operator is 
surjective at u. 

The proof is given in §4.5.6 below. 

Step 7: End of the proof. We are now ready to prove that the map in (44) is a quasi¬ 
isomorphism, thus proving Proposition 4.5.5. 

Following Steps 1-6 above it is enough to show that the map 

(51) fi2 : CF{Wt, Ta) ® CF{Ta, Vt) CF{Wt, Vt) 
is a quasi-isomorphism for some 0 < f < 1. 

Next, note that the whether or not (51) (or (44)) is a quasi-isomorphism is independent of 
the Floer and perturbation data used for the respective Floer complexes and for the operation 
p. 2 - Therefore for the sake of our proof any choice of such data would do as long as it is regular 
and amenable to the situation of cobordisms. (In contrast, consistency with respect to the 
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perturbation data used for the higher /i^’s is irrelevant for our present purposes.) We therefore 
choose for (51) Floer data for which the Hamiltonian perturbations are 0 and J G JTq. 

By construction, CF(Wt,TA) has the elements wi{t),... ,Ws''(t) as a basis. Similarly 
CF{T^,Vt) has a basis consisting of Vi{t),... ,Vs'it) and CF{Wt,Vt) can be endowed with 
the basis {xij{t)}i<i<s'',i<j<s'- Thus we have a 1-1 correspondence between the associated 
basis of CF{Wt, Ta) ® CF{Ta, Vt) and the basis of CF(lTt, V*), given by 

Wiit) ® Vj{t) I-)■ 

We will now show that for t < 1 close enough to 1 and appropriate J, the matrix of fi 2 with 
respect to these bases is invertible. This will prove that for such a choice of t and J, /12 is 
in fact a chain isomorphism (hence a quasi-isomorphism for any other choice). Below we will 
denote the matrix of /i 2 with respect to these bases by M. 

Fix a generic J G JTq and to with 1 < to < 1 — e such that cr(to) ^ C, where e, C' and a are 
as in Proposition 4.5.9. By Proposition 4.5.9 the entries in the diagonal of M have the form 

Mfc,fc(T) =T“''+0 (T^'), 

with 0 < cifc < cr(to)- Here o{T^') stands for an element of the Novikov ring in which every 
monomial is of the form with q G Z 2 and \i> C. 

Similarly, by Corollary 4.5.8, the elements of M that are off the diagonal are all of the form 

where C is the constant from Corollary 4.5.8 and Lemma 4.5.7. 

By choosing to close enough to 1 we obtain ak as close as we want to 0. It easily follows 
that for such a choice of to the matrix M can be transformed via elementary row operations 
to an upper triangular matrix with non-zero elements in the diagonal. It follows that M is 
invertible. □ 

Remark 4.5.10. It is not difficult to see that the map (p from (40) is chain-homotopic to the 
corresponding map constructed by Seidel (in the exact case) in his construction of the exact 
triangle associated to a Dehn twist. As a consequence, the exact triangle constructed above 
coincides with his. 

4.5.5. Proof of Lemma f.5.1. Throughout the proof we will denote by Ballj,(r) C x 
the open Euclidean ball of radius r centered at x. 

Fix r 2 with 2ro/3 < r 2 < ri and let p 2 > 0 small enough so that: 

(1) For i and every x G (t) fl {dB'{r 2 ) x B”) the closed ball Balla;(pi) is disjoint from 
all {t) for every k ^ i as well as from Wt and from Ta. 

(2) For j and every x G Sj(t) fl {B' x dB''{r- 2 )) the closed ball Balla,(pi) is disjoint from 
all S'^{t) for every k ^ j as well as from V) and from Ta. 
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(3) For every x G Ta fl {dB'{r 2 ) x dB"{r 2 )) the closed ball Ball 3 ;(pi) is disjoint from Wt 
and Vt- 

By construction, such a pi exists and can be chosen to be independent of 0 < t < 1. (Recall 
that Wt n (R(ro,ro) \ -B(2ro/3, ro)) is independent of t.) See Figure 29. 



Figure 29. Estimating the area of holomorphic curves that go out of 
R(2ro/3,2ro/3). 


Similarly, choose p 2 > 0 such that for every x G dB{ri,ri) the closed ball BalR(p 2 ) is 
disjoint from B{r 2 ,r 2 ) and is also contained inside B = B{ro,ro). 

Set C := min{|p 2 ) 

Now let u : D' —)■ £ he a. solution of (49) and assume hrst that u satishes the following 
special assumption: u{dD') B{r 2 ,r 2 ). We will prove that Ao(m) > C. 

Since u(zi) G i?(2ro/3, 2ro/3) (recall Zi are the punctures of D') it follows that there exists 
z^: G dD' such that u{z^:) lies in one of the following three: 

(1) (t) n {dB'{r 2 ) X B") for some i; or 

(2) Sj(t) n {B' X dB"{r 2 )) for some j; or 

(3) TAn{dB'{r2) xdB"{r2)). 

Consider now the intersection u{D') fl Ball„(^^)(p 2 )- By the Belong inequality (applied after a 
reflection in the ball with respect to the corresponding Lagrangian) it follows that 


An{u) > IpI > C. 
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(Alternatively one can use an appropriate version of the monotonicity lemma for minimal 
surfaces to obtain the same inequality.) We have thus proved the lemma under the assumption 
that u{dD') (f_ B{r 2 ,r 2 ). 

We are now ready to prove the general case. Assume that u{D') ^ B{ri, ri). There are two 
cases (mutually not exclusive): either u{dD') (f_ i?(ri,ri), or u{lnt D') (f_ i?(ri,ri). 

If the first case occurs then clearly u{dD') ^ B{r 2 ,r 2 ) and we are done. Therefore we may 
assume that u{dD') C B{r 2 , r 2 ) and that the second case occurs, namely M(Int D') i?(ri, ri). 
It follows that there is z* G Int D' with u{z^) G dB{ri, ri). Applying the belong inequality for 
u{D') n Ball„( 2 ,)(pi) we obtain 

An{u) > npl > C. 


□ 


4.5.6. Proof of Lemma 4.5.9. Before dehning the constant C", we hrst consider solutions u 
of (49) that satisfy property (1) of our proposition as well as property (2) with the constant 
C replaced by the constant C from Lemma 4.5.7. (The constant C\ dehned below, will have 
the property that 0 < C" < C.) By Lemma 4.5.7 we have u{D') C i?(ri,ri). Since 

s" s' 

n B(r„ rj) = ]J i?, n B(r„ rj) = ]J Spt) 

k=l k=l 

it follows that 

(52) u{ds,iD') C u{di,2D') C Ta, u{d2,3D') C 

Thus we are considering here hnite energy solutions u : D' —> B' x B" of (49) subject to the 
boundary condition (52) and the asymptotics (see Figure 30 

(53) U{zi) = U{Z2) = u{zz) = Xij{t). 

Recall also that our almost complex structure J is in j7o, hence by dehnition J = on 
B = B' X B". 

We now claim that there is a constant 0 < C" < C such that all solutions u of (52) with 
asymptotics (53) and with Aq{u) < C must satisfy u{D') C R(r)/3, ro/3). The proof of this 
claim is very similar to that of Lemma 4.5.7 and in fact even simpler since we are considering 
here boundary conditions only on one pair of sheets (t), (t)) and Ta, and the distance 

between each pair of these three Lagrangians outside of i?(ro/3, ro/3) is uniformly bounded 
below. 

This proves that all solutions u : D' —)■ £ that satisfy assumptions (1) and (2) of our 
proposition have their images inside R(ro/3,ro/3). 
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Figure 30. Holomorphic triangles going from Wi(t),Vj(t) to Xij(t). 

It remains to show the existence and uniqueness of such solutions, the area estimate and 
the regularity. To this end, set: 

:= M'" X {6"(t)}, S^{t) := {6'(t)} x M’", Ta = {(x, x) | a; G 

Clearly {t) coincides with S^{t) inside S(ro/3,ro/3) and similarly for Sj{t) and S^{t) 
as well as for Ta and 7 a - Thus for our purposes we can consider now the equation (49) for 
maps u : D' —)■ x M™" with J = J^td and with the following boundary condition and 
asymptotics: 

14(93,iD') C m(9i,2I)') C Uit), u{d2,^D') C s^it), 

(54) 

u{zi) = Wi{t), u{z 2 ) = u{z^) = 

Note that this problem splits. If we rearrange the coordinates by identifying of x R^ = 
(M 2 )xm symplectic isomorphism (pi ,... ■ ■ ■, Qm) '—t (pi, gi,... ,Pm, qm) then 

Jstd is sent to the standard split complex structure (which we continue to denote Jstd), and 
S'^(t) becomes (Rx qi{t)) x ■ ■ ■ x (Rx qm{t)), where 5''(t) = (gi(t ),... ,qra{t))- Similarly it) 
becomes (pi(t) x M) x • • • x {pmif) x I^), where b'j(t) = (pi(t),... ,Pm(t)). Finally, 7 a becomes 
Ai X ■ ■ ■ Am where Aj is the diagonal in each of the factors. We continue to denote the 
corresponding three Lagrangians by S^{t), S^(t) and 7 a• 

We will now write maps u : D' —(M^)^'" as: u{z) = (mi(x), ... ,Um{z)) with Uk{z) G M^. 
Clearly each of the maps ■ D' —)■ = C is holomorphic (in the usual sense) and satishes 
the boundary conditions and asymptotics (see Figure 31): 

m(93,iT>') C M X gfc(t), m(9i,2 T>') C A^, u{d 2 ,i,D') C Pk{t) x M, 

u{zi) = {qk{t),qk{t)), u{z 2 ) = {pk{t),Pk{t)), u{z3) = {pk{t), qk{t)). 


( 55 ) 
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Figure 31. Holomorphic triangles in corresponding to the projection on 
the /c’th factor of u. 

Standard 1-dimensional complex analysis show that there is a nniqne holomorphic map 
: D' —)■ C = with the bonndary conditions (55), the image of which is precisely the 
triangle consisting of the convex hnll of the three points {qkit), qkit)), {pk{t)pk (t )), {pk (t) ,qkit)). 
Moreover, a straightforward calcnlation (nsing e.g. the methods from Chapter 13 of [Sei3]) 
shows that the Maslov index of is 0 and that the standard complex strnctnre of C is regnlar 
for this solntion. 

Note that the mntnal position of the three Lagrangians from (55) plays a crncial role here. 
If for example, one wonld replace Ak by the anti-diagonal line {(a:, —x) : x G M} then there 
wonld be no solntions with the bonndary conditions (55), the reason being that the order of 
the pnnctnres zi,Z 2 .,Z 2 , on dD is “wrong”.) 

It follows that vP{z) = {u\{z ),..., vP^{z)) is the nniqne holomorphic map u : D' — > (M^)^”^ 
satisfying (54). Since the ^-operator splits in a compatible way with the splitting (M^)^™ it 
follows that the index of is 0 and that Jstd is regnlar. 

Finally, it is clear that the symplectic area Aq{u^) of is the snm of the areas of the 
triangles k = 1,... ,m. Since Pk(t), qk(t) - > 0 it follows that An{u^) -;■ 0. 

This conclndes the proof of the proposition. 

Remark. An alternative calcnlation of the index and regnlarity can be done by degenerating 
the problem to t = 1. Then the three Lagrangians forming the bonndary conditions in (55) 
become M x {0}, Ak and {0} x M. The asymptotics at the pnnctnres become Uk{zi) = Uk{z 2 ) = 
Ukizs) = (0,0). It is easy to see that the only solntion now is the constant solntion at (0,0). 
The fact that its index is 0 and that J is regnlar follow e.g. from [BC3] (section 4.3). By 
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a standard implicit function theorem it follows that the same holds for fs close enough to 
1. Note that also here, if one would replace by a line going through the 2’nd and 4’th 
quadrants, e.g. {(x, —x) : x G M}, things would go wrong. The constant map at 0 would still 
be a solution but its index would be negative and J would not be regular with respect to it. 

It remains to discuss the case when X is non-compact but symplectically convex at oo. The 
proof is very similar to the one for the case when X is closed. Recall that although now X 
is not compact the objects of Xuk*{X) (i.e. the Lagrangians in X) are still assumed to be 
compact. 

The results of Seidel (see Chapter 16e of [Sei3] and [Sei2]) can be used to produce a hbration 
£ of generic hbre X, in the sense of the dehnitions in §2.1, in particular this hbration satishes 
assumption Too- As in the compact hbre case, we then use the Proposition 2.3.1 to transform 
the hbration into a tame one that continues to satisfy Too. The proof then pursues just as 
in the compact case. Indeed, notice that Assumption T^o implies that the monodromy is 
well dehned over any path in C \ Critv( 7 r) (and in fact over any path in C if we restrict the 
monodromy to “inhnity in the hbers”). Similarly, the procedure from page 74 that ensures 
that the negative gradient how of Re( 7 r) is dehned for all times continues to work in the present 
setting. Indeed, the fact that the hbers of £ are not compact does not pose any problems 
because (in the notation of Assumption Too) on £°° ^ x C this how is just a translation 
in the C-direction. Finally, in what concerns the Floer and perturbation data we use as in 
§3.3.5 almost complex structures that are split at cx) as i © Jo with Jq compatible with the 
symplectic convexity of (the end) of X. □ 

4.5.7. Proof of Proposition 4-5.3. We now explain how to modify the proof of Proposition 4.5.1 
under the assumptions of Proposition 4.5.3, namely that X is itself the total space of a tame 
Lefschetz hbration nx '- X — > C as described in §4.5.2. Denote by {N,u}) the generic hbre of 
TTx which is compact or symplectically convex at inhnity. 

As in the the proof of Proposition 4.5.1, we again construct a Lefschetz hbration : 
£ —)■ C with hber over wq being X. As before, the hbration £ can be assumed to satisfy 
Assumption Too as well as the other assumptions in §2.1. By applying to this hbration the 
same procedure as in the proof of Proposition 2.3.1 we may further assume that this hbration 
is also tame. 

In what concerns the Fukaya category 4Fuk*{£) of T, by inspecting the proof of Proposition 
4.5.1, we see that we can actually use here only a smaller category whose objects are cylindrical 
cobordisms V (Z £ (not necessarily negatively ended) obtained by taking the trail of a given 
cobordism Q C £u}q = X along a curve 7 C C \ Critv( 7 r£:). To avoid confusion denote the 
Fukaya category involved here by 4Fuk*{£) (where r indicates that our objects are restricted as 
above). Notice that later in the proof we apply certain isotopies (e.g. the negative gradient how 
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of Re( 7 r£:)) to these cobordisms that might not keep them everywhere cylindrical. However, 
as we shall see below, this is not a problem since for that stage of the proof we do not need 
the entire Fukaya category anymore but only Floer homology calculations. 

Using the notation from Assumption Too, put and £x a symplectic identihcation 

(56) 

Here C^- stands for the base of the hbration which is just a copy of C. The subscript £ is 
there only in order to emphasize the relation to £. Denote by '■ t Cx the projection 

(on the other copy of C) induced via (56) by tix ■ —> Cx- 

Notice that due to the Too assumption a cobordism V G Ob{Xuk*{£)) has the property 
that V n £°° is a union of hnitely many components of the form 7 x x Tj where 7 G C^: 
is the projection of V onto C^:, £ is a negative ray in Cx (of imaginary coordinate i in) and 
Tj C At is a Lagrangian in N. To £x ideas we will call these Lagrangians Tj, the ends of V in 
the direction ofCx- The important fact to keep in mind is that these ends remain constant 
along 7 . Obviously, there are also the “usual” ends of V that are of the form £ x Ci where /j 
is a ray (negative or positive) in Cg and Cj C X is a negative-ended cobordism in X. We will 
refer to these cobordisms Ci as the ends of V in the direction ofC^. For each V there are 
obviously at most two such ends. Notice also that the ends of Ci, itself viewed as cobordism, 
are Lagrangians in N that coincide with the ends of V in the direction of Cx- 

We now pass to explaining the choices of Floer and perturbation data required to define 
the category Xuk*{£). We hrst pick a prohle function hx : C^ —)■ M such as in §3.3.2 but with 
the property that the bottlenecks are inside 7 rx(X°°). 

Consider Vi,..., Vk+i ^ Ob{Xuk*{£)). Let C^,... ,C^ G Ob{Xuk*{X)) be the collection of 
all the ends in the direction of Cx of the objects Vi,, I 4 + 1 . We use the function hx and the 
method in §3.3.3 to construct the Floer and perturbation data, associated to C^,... ,C^ as 
objects of the category Xuk*{X) associated to the tame Lefschetz hbration ttx : X —)■ C. We 
denote all this data by T^Vx,...yk+i- described in §3.3, this data consists of particular choices 
of Hamiltonians on X, that are grouped here in l-Ly^ Vk+i^ almost complex structures on 
X, grouped in so that Jvu...y,+^)- 

Pick a prohle function : C^- —)■ M again as described in §3.3.2. Let 7 j be the projection of 
Vi onto C^:. Now modify hs, away from the region of the bottlenecks, in such a way that the new 
function conserves the same bottlenecks as hs and, additionally, 

is transverse to 7 ^ for all i,j. Now dehne a new set of Hamiltonians, this time dehned on 

Q X X as follows: .= {hy .£ Wj;. y^. 

With these choices, we can describe the constraints on the class of Hamiltonians 1-iy^ y^^^ 

dehned on £ that are part of the perturbation data that 

we associate to the family Vi,..., I 4 + 1 , as required to dehne Xuk*{£). There is a compact 
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set C C^: away from the bottlenecks of hg and a compact set C away 

from the bottlenecks of hx so that the hamiltonians in T-iy coincide with corresponding 

Hamiltonians in Tiy y^^_^ on the set 

= (f“ \ U \ A'vi. . 

It is useful to notice at this point that, because the ends of Vi in the direction of Cx do not 
change along 7 * this choice of Hamiltonian perturbations ensures the required transversality at 
00 both in the Cg direction as well as in the Cx direction. As the Hamiltonians in Tiy y^^_^ 
are basically arbitrary perturbations of the Hamiltonians in T-Ly y^^^ outside of Svi,...Vk+i 
(together with the choice of almost complex structures as detailed below) is also sufficient to 
achieve the regularity of the relevant moduli spaces. 

The family of almost complex structures associated to Vi,..., 14_|_i satishes similar 

constraints. Namely, over they are of the form is ® J with J e Jvi,...yu+-^ 

be perturbed freely, so as to insure regularity, outside of 

With these choices the compactness results required to dehne the category iFuk*{£) are 
valid. More specihcally, all solutions u of the relevant perturbed Cauchy-Riemann equation 
lie in a prescribed compact subset. The argument is very similar to the one in [BC3]. We 
consider a hamiltonian h : T —)■ M so that away from Svi,...Vk+iJ h coincides with hs © hx- 
We then use the naturality transformation involving h, as summarized in §3.3.4, to turn the 
solutions u into curves v that are (non-perturbed) J-holomorphic away from We 

then apply the open mapping theorem to the projections ttx°v and ttsov. To summarize, the 
arguments for both regularity and compactness of the relevant moduli spaces follow closely the 
corresponding arguments in [BC3] that are used to set up the Fukaya category of cobordisms 
in C X M. 

Beyond the dehnition of J^uk*{£) an additional remark is in order. A key part of the proof 
in §4.5.4 uses the Floer homology for the pairs (IF, F), (hF, Ta) and (Ta, V). In the course of 
the proof we apply to W and V the negative and positive gradient flows of Re( 7 r£:). While V 
and W are cylindrical, these flows do not preserve cylindricity. Nevertheless, cylindricity is 
preserved at inhnity in the hber-direction due to Assumption Too on £■ Therefore the Floer 
data can easily be adjusted in this case too by using possibly another compactly supported 
perturbation to ensure transversality. 

With this remark taken into account and with the dehnition of J^uk*(E) as above the 
remainder of the proof proceeds just as in the proof of Proposition 4.5.1. 

4.6. The decomposition in Theorem A. To construct this decomposition we start with 
the proof of Theorem 4.2.1. 
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4.6.1. Proof of Theorem 4.2.1. We assume for the moment that we are in the setting of §4.2. 
In particular, tt : —)■ C is a tame Lefschetz hbration with the properties listed there. 

Let 1/ : 0 (Li,..., Lg) and consider the Lefschetz hbration ir : E ^ C obtained from E by 
adding singularities as described in §4.4.2. By Proposition 4.4.5 E is strongly monotone. The 
cobordism V continues to be monotone in E and the matching spheres Sj are monotone too. 
Moreover, all these Lagrangians are of monotonicity class *. Recall also that by assumption 
dimjR E > 4. Consider now the cobordism 

V' = Ta O Tq O ■ ■ ■ O Tq (V) C E. 

Given W G C*{E) we rewrite the exact sequence in Proposition 4.5.3 as 

IT = (R 0 HE{S, W) TsW) 

and deduce that in DEuk*{E) we have the following decomposition of V: 

V = (>§i 0 El —>->§2 0 E 2 —y . . . —y Sm 0 Em —^ ^0) 


where 

(57) = . 

Notice that in DEuk*{E) we have Ti = {■J^E)*{Si) where jg the inclusion (26) and 
Ti are the thimbles in the statement of Theorem 4.2.1. Thus, in DEuk*{E) we have the 
decomposition: 

(58) V = (Ti 0 El — )■ T2 0 E2 Tm 0 Em — )■ V'^ . 

By Corollary 4.4.4 we know that inside DEuk*{E) we have: 

(59) V' = (js X Lg —y 7s_i x Ls_i 72 x L2) 

Splicing together (58) and (59) we obtain: 

V = (Ti 0 El —y ... —y Tm 0 Em —)■ 7s x 72 x L2) 


which concludes the proof of Theorem 4.2.1. 


□ 
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4.6.2. The decomposition in Theorem A. We assume the setting from Theorem 4.1.1 (which 
we recall is just a more precise reformulation of Theorem A) and recall a bit of the necessary 
background. The hbration tt : —)■ C is no longer assumed to be tame. All the singularities 

of 71 are included in x < 0 < y and there is a tame hbration ti : Er ^ C that 

coincides with E over [x — I, y + ^] x [—|, cx)) and is tame outside of a set U that contains 
(x — 4, 1 / + 4) X (—l,oo). Recall also the category Euk*{ET-) whose objects are cobordisms 
(with only negative ends) as in Dehnition 2.2.3. In particular, these cobordisms have ends 
that project to the axes (—oo, —au] x {i} C C. The constant au verihes —au < x — 4. Recall 
from §3.4 that the objects of the category Euk*{E]T) are uniformly monotone cobordisms 
V C E that are cylindrical outside Sx- 3 ,y -3 and the operations Hk of Euk*{E;T) are dehned 
by means of the corresponding operations in the category Euk*{Er) associated to the tame 
hbration Er- 

The decomposition in Theorem 4.1.1 (and thus that in Theorem A) follows rapidly from 
that in Theorem 4.2.1. Indeed, recall from §3.4 that we have an inclusion: 

(60) Euk* {E]t) ^ Euk* {Er) 

that is a quasi-equivalence and which, on objects, is dehned hy V V where V is obtained 
by cutting oh the the ends of V along the line {x — x M and extending them horizontally 
by parallel transport in the hbration Er- As Er is a tame hbration. Theorem 4.2.1 can be 
applied to it. We deduce decompositions involving two types of curves in the plane, the t^’s 
and 7 j’s as in Figure 10. The curves 7 * appearing here are included in the negative quadrant 
= (— 00 , —au] X [0, cxd) and they are away from U. For reasons that will become clear in a 
moment, it is convenient to rehne the notation for these curves such as to explicitly indicate 
their dependence on U. Thus we will further denote them by 7 !^. 

The decomposition result that we want to show here - for the statement of Theorem 4.1.1 
- applies to Euk*{E; r). It again involves the same thimbles E associated to the curves tk as 
before as well certain “trails” denoted in Theorem 4.1.1 by It is important to notice at 
this point that the curves 7 * appearing in the statement of Theorem 4.1.1 do not coincide with 
the 7 j^’s above - see also Figure 32. Indeed, following the dehnition in §4.1.1, these curves 
have image inside (—oo,x) x [|, 00 ) and they “bend” inside [x — 2 ,x — 1 ] x [ 1 , 00 ], while 
is away from U and thus away from (x — 4, ?/ -|- 4) x M. 

Nonetheless, for L G C*{M) and any curve 7 * consider the cobordism yE as an object of 
Euk*{Er). This object is quasi-isomorphic to 7 ^^ x L (this can proved directly, but it also 
follows immediately from Theorem 4.2.1 itself). As a consequence, we may replace in the 
decomposition given by Theorem 4.2.1 the objects ^ t)y the objects yEi and by pulling 
back the resulting decomposition from Euk*{Er) to Euk*{E]T) via the inclusion (60) we 
obtain the decomposition claimed in Theorem 4.1.1. □ 
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Figure 32. The Lagrangian 7 ^ x L is an object in J^uk*{ET-) bnt is not cylin¬ 
drical outside of [x — 3, 1 / -f- 3] X M and thus it not an object in Euk*{E,T). 


5. Main consequences 

5.1. From the total space to the fiber and back. We will work in this subsection only 

with tame Lefschetz fibrations - see Definition 2.2.2. In view of §2.3 this is not restrictive. 
Thus we assume that vr : —)■ C is a Lefschetz hbration which is tame outside of [/ C C and 

{M,u) is the generic hbre. The hbration E has singularities xi,... ,Xm of respective critical 
values Vi,... ,Vm (assumed to be, for simplicity, Vk = {k, |)). Denote by O G C the origin and 
recall that the hbration E is assumed to be tame over a region that contains O. Connect each 
critical value Vk to O by a straight segment, and denote by Sk G 7 r“^( 0 ) = M the vanishing 
cycle associated to that path. 

We use the rest of the set-up and notation from §4.2. The results described below are all 
consequences of Theorem 4.2.1. 

5.1.1. Descent: from decompositions in DEuk*{E) to decompositions in DEuk*{M). 

Corollary 5.1.1. As in Theorem f.2.1, let V G C*{E), D : 0 —)■ (Li,...,Ls). Then there 
exists an iterated cone decomposition that depends on V and takes place in DEuk*{M): 

Li = El ^ ] E2 ^ ■ 

(61) __ 

8) Sm ® Em —)■ F5 —)■ Ls_i —)■•••—>■ L2) , 

where stands for the composition: 

= 'TSi ° O ■ ■ ■ O Ts^ ■ 
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Proof. In this proof it is convenient to consider again the category DJ^uk\{E) from §4.3. 

2 

Recall that the difference between this category and DEuk*{E) is that the objects V of the 

underlying category Euk\ [E) are more general cobordisms than those given in Dehnition 2.2.3 

2 

in that the imaginary coordinates of the ends of V are allowed to also be positive half-integers. 
In other words, V has only negative ends and 

V n 7r“^(Qf}) = ]J((-oo, -au] x x Li . 

i 

We now consider curves rji as in Figure 33. 



Figure 33. The auxiliary curves rji together with the cobordism V G C*{E). 

These curves satisfy 

2i — 1 2i + 1 

r7i((-cx), -1]) = (-CX), -au - 2] x —^-Fcx))) = (-cx), -au - 2] x —^— 

and r]i{R) C Q^. 

As shown in [BC3] §4 there exists an Aoo-functor: 

: Euk*{M) Euk\ {E) 

2 

which acts on objects by L \—y rjj x L. Consider now the pull-back functor: 

: mod{Euk\{E)) mod{Euk*{M)) . 

2 

Notice that there is a full and faithful embedding e : Euk*{E) —)■ Euk\{E). Consider the 

Yoneda embeddings y : Euk*{E) —)■ mod{Euk*{E)) and 3^i : Euk\{E) —)■ mod{Euk\{E)). 

2 2 2 

Let y ; Euk*{E) —)■ mod{Euk\{E)) be y' = 3^i oe. The homology category associated to the 

2 2 
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triangular completion {Imageiy'))^ of the image of y' inside mod{yuk\{E)) is easily seen to 

2 

be quasi-equivalent to Dyuk*{E) (see also §3.1). 

For an object V G Euk*{E) let My = y{V). Notice that {Ey*{My) is precisely the 
Yoneda module associated to the j-end of V. Thus takes Yoneda modules to Yoneda 
modules and given that H{Image{y')y = DEuk*{E) we deduce that the functor (E^)* 
induces a functor of triangulated categories 

(62) TZj : DEuk*{E) ^ DEuk*{M) 

that we will refer to as the restriction to the j-th end. 

The decomposition in the statement is obtained by applying TZi to the decomposition in 
Theorem 4.2.1. Symplectic Picard-Lefschetz theory shows that the end of the thimble is 
Hamiltonian isotopic to (r^^ o o Tg^^^){Sk) = ^Sk and its projection to C has 

^/-coordinate 1. Clearly, the end of x over y = 1 is for k >2 and, similarly, the end 

of V over y = 1 is Li. □ 

Remark 5.1.2. The functor TZj from (62) can also be interpreted in a different fashion. We 
can view it as the triangulated functor induced by an Hoo-functor TZj : Euk* {E) —> Euk* (M) 

that, on objects, associates to each cobordism Y : 0 (Li,..., Lg) its j-th end, Lj. It is not 

difficult to see that, with appropriate choices of auxiliary structures, such a functor is indeed 
dehned and that it induces at the derived level precisely TZj. At the derived level we also have 
TZj o E^ = id. Notice also that the pull-back functor 

TZ* : mod{Euk*{M)) mod{Euk*{E)) 

takes the Yoneda module y{L) to the Yoneda module y{gj x L) = E^L). 

5.1.2. Ascent: from DEuk*{M) to the category DEuk*{E). We assume the same setting as 
hxed at the beginning of §5.1 and start with some algebraic notation. Let B be an Ago-category 
(over a given ring A, e.g. the Novikov ring) and Ri,... Rm a collection of m objects of B. The 
following construction is a straightforward extension of the notion of directed Aoo-category as 
it appears in [Sei3] (see, in particular, (5m) there). 

Consider the ordered set /^ = {1,..., m} and let N+m be the disjoint union NU ordered 
strictly in a way that respects the order of N and Im and so that each element in Im is 
strictly bigger than any element of N. We still denote the resulting order relation by >. For 
any two i,j G N+m we put = 1 if z > j and = 0 if z < j and we let = 

*2^*2,*3 ^P,P+1 

We denote by N+m ® B the unique Aoo-category with the properties: 

i. The objects of N+m 0 B are couples (z, L) with z G N+m and L an object of B with the 
constraint that if z G Im, then L = R^. We will write the couples {i,L) as i x L. 
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ii. The morphisms of N+m ® B are defined by: 

Mor(z X L,j X L') = f’^MorB(L, L') 

except if * = j G Im- In this case Mor(i x i x Ri) = Ae^^. Here Cij. is, by dehnition, 
a strict unit in the category N+m ® B. 
hi. We denote by 

fik ■ Mor(Li, L 2 ) ® Mor(L 2 , L 3 ) ® ... ® Mor(Lfc, Lk+i) -)■ Mor(Li, Lk+i) 

the multiplications in B. Consider successive indices {ii,i 2 , ■ ■ ■ ,ik+i) so that no two 
successive indexes v, V+i satisfy v = V+i ^ Im- Then the multiplications in N+m ® B 
are given by: 

/ifc : Mor(ii x Li, *2 x L 2 ) ® Mor(i 2 x L 2 , is x L 3 ) ® ® Mor(4 x 4+i x Tfc+i) -)■ 

Mor(H X Li,4+i x Lk+i) 

(63) /i' = 

In case for some index r we have R = ir+i G Im.) then /i). is completely described by 
the requirement that eR^ be a strict unit: /i). vanishes if A; 7 ^ 2 and /i 2 (a, = a, 

/^2(eRi,&) = b. 

The notation N+m ®B is slightly imprecise as this category actually depends on the choice of 
objects Ri ,..., Rm- Moreover, there is obviously an abuse of notation here as N+m 0 H is not 
a tensor product (there is no addition among the objects etc). 

In case the Hgo-category B is such that the objects Ri have strict units e'^, G Mor 0 (i?j, R^), 
then by taking cr. = e'^., equation (63) applies without treating separately the case v = 
ir+i G Im- In general, when the do not have strict units, we treat the crIs as formal 
elements, part of the construction of N+m ® B. 

Corollary 5.1.3. There exists a choice of Lagrangians spheres i?i,..., ^ C*{M) and an 

eguivalence of categories: 


I: D{n+^ ® Ruk*{M)) DRuk*{E) . 

Proof. Consider the full and faithful subcategory iF{E) of Euk*{E) whose objects consist of 
the following two collections: 

h 7i+2 X L with i G N and L G C*{M). Here 7 fc, A: > 2, are the plane curves dehned 
in §4.1.1 (see also Figure 10). 
ii. the thimbles Tj, j G Im- 
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The generation Theorem 4.2.1 combined with the algebraic Lemma 3.34 in [Sei3] implies that 
there is an equivalence of categories 

D7{E) ^ D7uk*{E) 

induced by the inclusion 

E{E) Euk*{E) . 

We now intend to show the existence of a quasi-equivalence of Aoo-categories: 

S : 0 Euk*{M) E{E) . 

To this end we hrst pick a specihc family of objects Ri,, Rm in Euk*{M). By dehnition, 
these objects are the following Lagrangian spheres: 

Rm+l—i ■— i = 1, . . . , Ul 

- see Corollary 5.1.1 for the notation. For i G N, and L G C*{M), we dehne S^ixL) = 7 i _|_2 xL. 
For i E Im 'Vi'e dehne x Ri) = T^+i-i. 

It is not difficult to see - as in the construction of the inclusion functor in [BC3], in 
particular Proposition 4.2.3 there - that by using appropriate choices for the curves 7 * as 
well as almost complex structures and perturbation data, we can describe the morphisms and 
higher products in R{E) by the formulas corresponding to There is however 

one exception concerning this correspondence and due to it the map S' can not be assumed 
directly to be a morphism of A^o categories: the difficulty comes from the fact that the objects 
Tj of R{E) do not, in general, have strict units. However, there is an algebraic argument - 
Lemma 5.20 in §(5n) in [Sei3] - that applies also to our case with minor modihcations and 
implies that we can replace S' by a true Hoo functor: S : N+m 0 Euk*{M) —)■ R{E) that acts 
on objects in the same way as S' and so that S is a quasi-equivalence. Clearly, this implies 
the equivalence of the associated derived categories and the existence of X. □ 

Remark 5.1.4. a. Corollary 5.1.3 extends a result of Seidel in §18 of [Sei3] (see also [Sei4]) 
which provides a similar description for the subcategory of DRuk*{E) that is generated by 
the thimbles T*. 

b. It is easy to see by direct calculation that there are inclusions JT* : DEuk*{M) —>■ 
D(N+rn 8) J-uk*{M)) induced by L —)• (s, L) for all s G N. The compositions = X o have 
a simple geometric interpretation. Consider the inclusion : Euk*{M) —)■ Euk*{E) which 
acts on objects as L —>■ 7 s +2 x L. This induces a functor : DEuk*{M) -E DEuk*{E) 
that coincides with jLj. 

c. An obvious by-product of this Corollary is that the derived categories DRuk*{E]T) 
from the statement of Theorem 4.1.1 are independent of the choice of tame hbration E^. up 
to equivalence. Together with §4.6.2 this concludes the proof of Theorem 4.1.1. 
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5.2. The Grothendieck group. The purpose of this section is to discuss a variety of 
consequences of Theorem 4.2.1 in what concerns the morphism 0 from (1) as well as the 
Grothendieck group itself. 

5.2.1. Cobordism groups and the Grothendieck group. We start by dehning the appropriate 
cobordism groups that will be of interest to us here. We will restrict here too the discussion 
to tame Lefschetz hbrations. Fix such a hbration vr : —)■ C that is tame outside U <Z C. Let 

(M, oj) be the hbre of tt at a point zq E C\U. Let E) be the abelian group dehned as 

the quotient of the free abelian group generated by the Lagrangians L G £*(M)-modulo the 
relations generated by the cobordisms V : ^ ^ (Li,..., Lg), V G C*{E) in the sense that 
to each such V we associate the relation Li + ... + Lg G Basically, the point of view here 
is that cobordisms are relators among their ends. As we do not take into account orientations 
this group is obviously 2-torsion. Notice that all vanishing spheres S <Z M (associated to 
any path between a critical value of tt and zo) belong to hence their cobordism class 

is 0 G This follows from the fact that a vanishing sphere is the single end of a 

cobordism which is a thimble of some path going from one critical value of vr to Zq. 

In case tt : E —C is the trivial hbration (i.e. E splits symplectically as E = C x M and 
TT = prj.) we will abbreviate Vt\^g{M]E) by 

Remark 5.2.1. a. While we will not explore this issue here, notice that the group E) 

is the abelianization of a group E) that is dehned as the free non-abelian group 

generated by the L G C*{M) modulo relations Li-L2- .. .-Lg associated as before to cobordisms 
V \ tj) ^ (Li,..., Lg). In other words, in this case we take into account the geometric order of 
the ends of V. 

b. It is easy to adjust the dehnition of the groups Ll*j^agi~) the case of non-tame hbrations. 
However, in view of §2.3, all interesting phenomena concerning these cobordism groups are 
already present in the case of tame hbrations. 

Recall the Grothendieck group Ko{DEuk*{M)) that is associated to the triangulated cat¬ 
egory DEuk*{M) as in §3.1. Notice that this group too is 2-torsion because we work in an 
ungraded setting. We are interested in a quotient of this Grothendieck group that is associated 
to our tame hbration vr : 7? —)■ C. To construct it assume Xi,... ,Xm are the critical points 
of TT and let the corresponding critical values be ui,... ,Vm- Then for each i pick a path in 
C from Vi to Zq that does not encounter any other critical value (such as, for instance, the 
paths ti in Figure 10). There is an associated thimble to each such path and let Sj be the 
vanishing sphere in M = tt~^(zo) that is the end of the thimble from Xj to M. Denote by 
Se the subgroup in Ko{DEuk*{M)) that is generated by the spheres Sj. Finally, dehne the 
quotient: 

Ko{DEuk*{M);E) = Ko{DEuk*{M))/SE . 
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Corollary 5.2.2. The group KQ{DJ^uk*{M)-, E) does not depend on the choices made in its 
construction and there exists a morphism of groups: 

0^ : niag{M-E) ^ Ko{DEuk*{M)-E) 

that is induced by L ^ L. 

This morphism extends the Lagrangian Thom morphism initially constructed in [BC3] and 
already mentioned at (1) 

Q : ^ Ko{DEuk*{M)) 

Proof. We hrst discuss the independence of KQ{DEuk*{M)] E) of the choices of the vanishing 
spheres Sj. Assume for instance that one of these spheres, say Si - that is the end of a 
thimble Ki that projects to a path ki from vi to zq - is replaced with a sphere Sj^ which is 
the end of a thimble K[, associated to a different path, kf By the results of Seidel [Sei3], the 
difference between Si and Sj (up to hamiltonian isotopy) can be described as follows: one 
sphere is obtained from the other by applying a symplectic diffeomorphism 0 which can be 
written as word in the elements • • •, (i.e. 0 is a composition of Dehn twists and their 

inverses along spheres from the collection S 2 ,..., S^)- From Seidel’s exact triangle as given 
in Proposition 4.5.1 we see that the subgroups generated, respectively, by Si, S 2 ,..., S^ and 
S']^, S 2 ,..., Sm are the same. 

The existence of the morphism 0® is now an immediate consequence of the decomposition 
in Corollary 5.1.1. □ 

5.2.2. The Grothendieck group as an algebraic cobordism group. We now focus our attention 
on the category Euk*{E). 

For each module M G Ob{DEuk*{E)), dehne [M\j G Ob{DEuk*{M)) by 

\M], = n,{M) 

where IZj are the restriction functors dehned in the proof of Corollary 5.1.1 (see also Re¬ 
mark 5.1.2). Basically, this extends to all objects in DEuk*{E) the operation that associates 
to a cobordism V its j-th end. It is easy to see that for all objects Ai of DEuk*{E) there are 
only hnitely many non-vanishing [Al]/s. 

We now dehne another group Q\ig{M]E), which we call the algebraic cobordism group, as 
the free abelian group generated by all the isomorphisms types 0/ objects G Oh{DEuk*{M)) 
modulo the relations 

[Al]i -l- [A1]2 + [Adjs -l-... =0 

for each M G Oh{DEuk*{E)). 

The group E) can be viewed as an algebraic cobordism group in the following sense. 

The generators of this group are the (isomorphism type of) objects of DEuk*{M), thus they 


98 


PAUL BIRAN AND OCTAV CORNEA 


are obtained by completing algebraically the objects of J^uk*{M) as in the construction of 
the derived Fukaya category. Similarly, the relations dehning the group are again an algebraic 
completion - in a similar sense but now involving the categories J^uk*{E) and DEuk*{E) - of 
the relations providing E). By dehnition, there is an obvious group morphism: 

Corollary 5.2.3. There is a group isomorphism 

eS„ : E) ^ K„[DTuK\M)-, E) 

SO that 0 ^ = ° q- 

Proof. Throughout the proof we abbreviate Kq = Ko^DEuk*(M); E). 

At the level of generators we dehne ^e the identity. The surjectivity of ^Aig clear 

as well as the relation = Q^ig ° 9’- only two things to check are that this map is 

well-dehned and injective. 

To show that Q%g is well-dehned we need to prove that if Ai is an object of DEuk*{E), then 
= 0 in Ko{DEuk*{M)-, E). To see this recall that, by the dehnition of DEuk*{E), 
there are Vj G C*{E) so that: 

Ai = {Vm —t Vm-l V2 —)■ Vi) . 

By Theorem 4.2.1, in Ko we have: 

EKI* = 0 . Vj . 

i 

Moreover, Vi, we have the following cone decomposition of [Ai]i in DEuk*{M): 

[A4\i = ([14n]i [V^jj —)■ [Vi]i) 

because the functor TZi is triangulated. This means that in Kq\ 

* i,3 

This concludes the proof of the well-dehnedness of the map ©^zg- 

It remains to show that ©^zg injective. We start by proving the injectivity in the case 
when TT is trivial and so E = C x M. We omit E from the notation of ©AZg in this case and, 
similarly, we put flAig{M) = VtAig{M] C x M). Assume that 

Ai^ Ai' ^ Ai" 

is an exact triangle of Euk* {M)-modules. The injectivity of ©AZg follows by constructing 
for each such triangle an object T in DEuk*{C x M) so that [T]i = Ai”, [T ]2 = Ai' and 
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[T ]3 = M. Indeed, this implies that all the relations that are used in the dehnition of Kq also 
appear among the relations that dehne Q\ig{M) which means that Qaiq is invertible. 

To construct this object T we proceed as follows. We first recall that, by dehnition, Ai” is 
- up to isomorphism - the cone over a module map / : —)■ Ai'. 

Now recall the Ago-category hJ 0 J^uk*{M) as in §5.1.2 (notice that now m = 0). We hrst 
construct an object T of N ® J^uk*{M). This consists of two steps. First, for each J^uk*{M)- 
module Af and each curve we dehne a N^J^uk*{M)-modu\e denoted by xAf. On objects 
jj X L we put (y* x N'){pfj x L) = The Ago-niodule operations are dehned by a direct 

adaptation of the formulas giving the operations in N ® J^uk*{M). The second step is to 
dehne a morphism 

f y 3 X AA —y y 2 x AA' . 

We then dehne T by T = cone{f). The morphism / is induced by / and is given by a 
formula again perfectly similar to the formula of the multiplication in N 0 J^uk*{M), but 
using / instead of and replacing Mor(4 x L^Ak+i x L^+i) by (y 3 x Al)(y 4_2 x L^+i) and 
Mor(ii X Li, 4+1 X L^+i) by (y 2 x Al')(yji _2 x Li). We now consider the sequence of functors, 
the hrst two being equivalences and the last a full and faithful embedding: 

(64) D(N ® Tuk*{M)) DT{C x M) ^ DTuk*{C x M) ^ DJ^ukX (C x M). 

2 

Here, the Hoo-category x M) is dehned as in the proof of Corollary 5.1.3. We now 

use the composition of the functors in (64) to dehne \H]j = for each module 1-L in 

D{N 0 J^uk*{M)) - see the proof of Corollary 5.1.1 for the dehnition of . We take T to be 
the image of T by the hrst two equivalences in (64) and we claim that: 

a. for each object N in DJ^uk*{M) we have that [(y^ x Af)]j = Af if i = j or j = l and 

is 0 otherwise. Moreover, — /• 

b. [T]i = AA”, [T ]2 = A4', [T ]3 = A4 and [T]* = 0 whenever i > 4. 

Notice that point b concludes the proof for E = C x M. Given that the equivalences in (64) 
are triangulated, point b follows directly from a. Thus, it remains to check a. For this we 
notice that pull-back respects triangles and as each object Af is isomorphic to an iterated cone 
of objects L G Euk*{M) it is enough to verify the statement for the Yoneda modules y* x L, 
L G C*{M). But for these modules the statement is obvious. The statement for / follows in 
a similar fashion. 

We are left to show the more general statement for a Lefschetz hbration tt : —)• C that is 
not trivial. For this we recall that, for each thimble T* we have {E^)*{Ti) = r^i rn^i- (The 
dehnition of the spheres Si appears in §5.) Thus, by the dehnition of the groups involved, we 
have a quotient map 


(65) 




i Ko(DTuk’(M)-,E), 
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where S'^ is the subgroup generated by the vanishing spheres of tt. To conclude the proof of 
the theorem it is enough to show that the composition of maps in (65) is an isomorphism. 
Recall that 

Ko{DJ^uk*{M);E) = Ko{DEuk*{M))/SE 

and notice that the isomorphism Qaiq - associated to the trivial hbration C x M - has the 
property that = Se- Therefore the composition of maps in (65) is an isomorphism 

and this concludes the proof. □ 

5.2.3. Comparison with ambient quantum homology. There is an obvious morphism: 

*: ^ QH[M) 

that associates to each Lagrangian L its homology class [L] G Tr„(M;Z 2 ) C QH{M). From 
the point of view of Corollary 5.2.3 it is natural to expect that i factors through a morphism: 

i' : a\,(M) ^ QH(M) . 

This is indeed true as we will see below. 

Corollary 5.2.4. Consider a module M. G Oh{DEuk*{M)). Such a module admits a cone- 
decomposition (up to quasi-isomorphism) 

A4 = (Lg —>■ Lg-i Li) . 

With this notation, the equation 

(66) i(M) = e QH(M) 

j 

provides a well-defined group morphism 

i' : ^ QH(M) 

SO that i = i' o q. 

Proof. While this dehnition of i' seems very simple the fact that i' is a well-dehned morphism 
of groups is somewhat surprising. We only know a proof of this fact which follows from the 
indirect construction that we give below. 

We will write i' as a composition of two morphisms i' = i' o Qaiq where Qaiq '■ —>■ 

KQ{DEuk*{M)) is the isomorphism in Corollary 5.2.3 and 

i' : Ko{DEuk*{M)) QH{M) 

is a morphism that is known to experts, see for instance § 5 in [Sei5]. The dehnition of i' is 
somewhat subtle so we review it here. 
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The morphism i' is a composition of morphisms: 

Ko{DJ^uk*{M)) A Ko{y{J^uk*{M))^) A 

A HH,{y{yuk*{M) f) A HH,{yuk*{M)) A QH{M) . 

Here, the category y{yuk*{M)) is the Yoneda image of yuk*{M); {y{yuk*{M))^ is its 
triangular completion (as Hoo-category); HHyB) is the Hochschild homology of the Hoo- 
category B with values in itself (generally denoted by HH^{B,B)). The morphisms involved 
are as follows: /i is an obvious isomorphism that reflects the dehnition of the triangular 
structure of Dyuk*{M), the morphism /2 sends each module in G y{yuk*)^ to the 
Hochschild homology class of its unit endomorphism cm ^ hom(Al, Al). The latter descends 
to Kq because, as it follows from Proposition 3.8 in [Sei3], if Al' —)■ A1 —?■ Al" is an exact 
triangle in a triangulated Hoo-category A, then = ^m' + ^M" HHyA). The morphism 
/s comes from the fact that the natural inclusion 

yuk*{M) y{yuk*{M))^ 

induces an isomorphism in Hochschild homology (this is sometimes referred to as a form of 
Morita invariance. See [Toe] for the analogous though different context of dg-categories); /s 
is the inverse of this isomorphism. Finally, is the open-closed map (see for instance [Sei5] 
where it is dehned for in the exact case, the adaptation to the monotone setting is immediate). 

□ 

Remark 5.2.5. Assume that Al' is another module in Dyuk*{M) as in the statement of the 
corollary such that Al' = A1 and 

JA' = i^L'^ —>■ L'^_i —y ... —y L'^) . 

The existence of i' then implies that J2jWj] — If is interesting to note that the only 

way we know to show this fact is through the indirect method contained in the proof of the 
Corollary. 

5.2.4. The periodicity isomorphism (2). In view of Corollary 5.1.3 it is natural to expect that 
KQ{DiFuk*{E)) can be calculated in terms of KQ{DiFuk*{M)). We will give here such a 
calculation but only in the case when E is the trivial hbration E = C x M. An analogous 
statement for non-trivial hbrations is expected to also hold, but would require further algebraic 
elaboration. 

Corollary 5.2.6. There exists a canonical isomorphism 

Ko{DEuk*{C xM)) = Zaft] 0 Ko{DEuk*{M)) 

induced by the map that sends A4 E Ob(DEuk*(C x M)) to where TZi is 

the restriction functor from (62) . 
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Proof. From Corollary 5.1.3 it is enough to show that 

Ko{D(N ® J^uk*{M))) = Z 2 [t] ® Ko{DTuk*{M)) . 

To simplify notation we denote Gi = Ko{D{'N^Tuk*{M))) and G 2 = Z 2 [f\^Ko{DTuk*{M)). 
Given a module Ai which is an object of D{N 0 J^uk*{M)) we use the composition in (64) 
to dehne the restriction modules [Ai]i that are objects of DJ^uk*{M) and dehne the sum 
® £ G 2 . Because the restriction functors IZj are triangulated it 

is easy to see that this map descends to a morphism 0 : Gi —)■ G 2 - The construction of 
the modules 7 * x TV in the proof of Corollary 5.2.3, in particular point (a) in the course of 
that proof, shows that 0 is surjective. To show that 0 is injective we construct an inverse 
0 : 6*2 —)■ Gi. We dehne 0(f ® A/") = 7^+2 x M for each object in TV G DP'uk*{M), where we 
have used here the notation from the proof of Corollary 5.1.3. Once we show that 0 is well 
dehned (in other words, that it respects the relations giving Kq) it immediately follows that 
it is an inverse of 0 by the point (a) in the proof of Corollary 5.2.3. But again as in the proof 
of Corollary 5.2.3, namely the construction of T, it is easy to see that the map TV ha 7 i X TV 
respects triangles. As a consequence, 0 is well dehned and this concludes the proof. □ 

6. Examples 

The purpose of this section is to exemplify various aspects of the machinery in the paper. We 
start by making more explicit the structure contained in the writing of the cone-decompositions 
in Theorem A and exemplify this in the simplest possible setting consisting of cobordisms in 
C. We then indicate how the cone-decompositions associated to cobordisms in our previous 
paper [BC3] are a consequence of the results here. We pursue with some cobordism examples in 
non-trivial Lefschetz hbrations. We hrst consider a simple horse-shoe like curve in a Lefschetz 
hbration with just one critical value and make explicit how Seidel’s exact sequence follows by 
applying our machinery to this case. Finally, and this is the novel and longest part of the 
section, we discuss real Lefschetz hbrations and their relation to Lagrangian cobordism. 

6.1. Unwrapping cone-decompositions. The decompositions provided by Theorem A con¬ 
tain more structure than it appears superhcially in the writing: 

V = (Ti ® El —>■ T2 0 E2 —... —Tjn ® Em 'jgLg —>■ '^s-iLs-i 72-^2) • 

Namely, see also §3.1.1, writing 

V — (G3 —>■ G2 —)■ Gi) 

actually means 

V = cone(G 3 A cone(G 2 A Gi)) 


LAGRANGIAN GOBORDISM IN LEFSCHETZ FIBRATIONS 


103 


and the attaching maps fi as well as the intermediate cones are, of course, crucial in deter¬ 
mining the result of the iterated cone. 

This point is already in evidence in the simplest setting to which can be applied the ma¬ 
chinery of the paper: cobordisms in C without any positive ends (and with the negative ends 
having integral imaginary coordinates). Obviously, these cobordisms are simply disjoint unions 
of circles and arcs diffeomorphic to M with horizontal ends pointing in the negative direction. 
Notice that due to the uniform monotonicity condition all circles have to enclose the same 
area. At the same time, circles do not play a signihcant role here since they have vanishing 
quantum homology and thus they are not seen by Floer and Fukaya category machinery. 

Consider two Lagrangians V and V as in Figure 34 below. 

Namely, V consists of two connected components: Vq and Vi with Vq an arc with ends at 
height 2 and 6 and Vi an arc with ends at height 3 and 5; V has also two components Vq an 
arc with ends at height 2 and 3 and C/ again an arc with ends at height 5 and 6. It is easy 
to see that V and V' are the results of the two types of surgery on the Lagrangians W and 
W’ in the middle part of Figure 34. This means, in particular, as seen in [BC2] that V and 



Figure 34. The planar cobordisms V = Vq U lA and V = VqVJ VI- They are 
obtained through the two types of surgery on W and W. We have V) ^ 


V' are themselves Lagrangian cobordant. 

Theorem A applied to V and V produces decompositions that, formally, in the writing of 
the statement of that Theorem both look as: 


(he — t 75 — t 73 — t 72) • 
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However, it is easy to see that V and V' are not isomorphic objects in DJ'uk*{C). Indeed, 
//F( 74 , I/) 7 ^ 0 but HF{'y 4 , V) = 0 and it is an easy exercise to see that the actual two cone 
decompositions associated to V and V by Theorem A are different: the intermediate cones 
and the relevant attaching maps are not the same. 

Other examples relevant in this context are associated to elementary Lagrangian cobordisms 
W : Q ^ Q, W cCxM (here {M,u) is our fixed symplectic manifold). Examples of such 
cobordisms are provided by Lagrangian suspension. To such a hh we can easily associate a 
cobordism H : 0 (0,(5, Q). This can be done by first translating W by using (z,x) —>■ 

{z + i,x) and then bending the positive end to the right and extending it to —oo so that it 
has height 3. The ends of V have heights 2 and 3 - as in Figure 35. Of course, the simplest 


Q 



Q 


Gl 



Figure 35. The cobordism V is obtained by bending the positive end of the 
elementary cobordism W : Q Q. 


such example, Vq, is associated to the trivial cobordism Wq = M x {0} X Q. 

The first remark for this class of examples is that all such F’s are isomorphic in DFuk*{C x 
M) to Vo- The reason is that from Theorem A we have a decomposition; 

V = cone(73 x Q ^ 72 x ( 5 ) . 

The morphism (pv can be identified with a class pv ^ HF{Q, Q) which is given by the image 
of the fundamental class [Q] G HF{Q,Q) under the morphism p defined as in Equation (40) 
- see also Figure 24 (of course, in our discussion here the fibration is trivial so that both ends 
of V in Figure 24 are equal to Q). Moreover, pv is an invertible element (see also [BC2]). As 
a consequence, the cone over pv is easily identified with the cone over pv^, where pvq = [<5]- 
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In short, the two decompositions are isomorphic as in the diagram below 


(67) 

but they are not identical. 


id 




> 72 X Q 

F 


-1 



'Pv 


^ '72 X Q 

-^Fo 


6.2. Decompositions in DJ^uk*{M) induced from cobordisms in C x M. Let V' be a 

cobordism I/' : 0 (Li,... ,Lk), Id' C (C x M,uo © uj). Theorem A and its Corollary 5.1.1 
associate to V' a cone decomposition 

(68) Li = [Lk —t Lk-i L 2 ) 

At the same time, the machinery in [BC3] applies to cobordisms V" \ L ^ (Li,..., L^) and 
associates to such a V" another cone decomposition: 

(69) L = (Lfc —)■ Lk-i —t ... Li) 

We want to briefly remark here that the decomposition (69) is a consequence of ( 68 ). 
By elementary manipulations, to see this it is sufficient to consider a cobordism Id : 0 
(L 2 , L 3 ,..., Lfc) without positive ends and with the first negative end, Li, also empty and 
show that the cone decompositions (69) and ( 68 ), both associated to Id, coincide. 

For this, notice that, by following the proofs of Theorem A and Corollary 5.1.1, the cone 
decomposition ( 68 ) is deduced from the following exact sequences of J^uk*{M) modules: 

(70) W'E_Ur X -) ^ x “) ^ VW ■ 

Here j are the J^uk*{C x M) modules that are introduced at the Step 3 of the proof 
of Proposition 4.3.1, r is the horizontal line r = M x {1} and — stands for a variable Y G 
Oh{J^uk*{M)). The first map in (70) is an inclusion and the second a quotient. There is a 
slight abuse here as cobordisms of type r xY have obviously a positive end by contrast to the 
objects considered in most of this paper, still the modules x —) are well defined. Indeed, 

as explained at the Step 3 of the proof of Proposition 4.3.1, IF^ j_i(r x Y) is generated by the 
intersection points of r x F with the first i branches of Hd' where IF' is, in our case, obtained 
from F by a Hamiltonian isotopy that keeps its ends fixed and moves the non-cylindrical part 
of V in the lower half-plane - see, for instance. Figure 15. By inspecting [BC3], we see that 
the cone decomposition (69) follows from exact sequences of J^uk*{M) modules: 

—)■ JYly^i —)■ y{Li) . 

For the description of these modules see Figure 4 and Equation (4) in [BC3]. It immediately, 
follows that = IF^j(r x —) and thus ( 68 ) and (69) are identified. 
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6.3. A simple cobordism in a Lefschetz fibration with a single critical point. Con¬ 
sider a Lefschetz fibration tt : E ^ C of fibre (M, u) and with a single singularity Xi of 
critical value Vi. We assume that the fibration is tame outside a set C C as in Figure 36 
and we consider a cobordism V <Z E that projects to the curve 7 G C. As in the picture this 
curve turns once around Vi. Are also pictured there the curves 72 and ti that appear in the 
statement of Theorem A as well as the “mirror” singularity x\ and the matching sphere Si 
that appear in the proof of this theorem (see §4.6). 

By the relation between the Dehn twist and the monodromy of Lefschetz fibrations, the 
ends of V are so that if the first end of V is the Lagrangian L C M, then the second end is 
tsL for S an appropriate vanishing sphere associated to Xi, this can be taken to be the sphere 
over the end of the curve ti. 





Figure 36. The curves 7 , 72 , ti, the region U outside which the fibration 
71 : E C is tame and the matching sphere Si that is included in the extended 
fibration tt : .F —)■ C. 

Theorem A applied to V shows that: 

(71) V = cone(Ti 0 i7i —)■ 72 x r^L) 

where, as in (57), Ei = HE(Si, V). In this case we easily see that HE{Si,V) = HE{S,L). 
By applying the restriction functor TZi to the equation (71) we obtain 

L = cone{S 0 HE{S, L) tsL) 

which is just another way to express Seidel’s exact triangle from Proposition 4.5.1. 

It is instructive to briefly discuss the case when the intersection between S and L is a single 
point. In this case consider a thimble Ti that is included in the initial fibration tt : —)■ C and 

covers the curve that is given by the projection of Si in Figure 36 but extended horizontally to 
— 00 . (there is no added singularity xj in this case). This thimble intersects V in a single point 
and one can surger V and Ti at this point. The resulting manifold V = Tij^V is monotone 
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and has cylindrical ends S', L and tsL. Moreover, by the same argnments as in §4.4, V can 
be Hamiltonian isotoped (with compact snpport) away from U. That means that V can be 
actnally regarded as a cobordisms embedded in C x M and thns the decomposition resnlt 
from [BC3] (that applies to cobordisms in C x M) implies already the existence of the exact 
triangle L = (S' —)■ tsL). This argnment applies as well when the initial cobordism V is more 
general than the one discnssed till now bnt again nnder the restriction that Ti intersects V 
(transversely) in a single point. 

Coming back to onr V, pictnred in Fignre 36, there is yet another eqnivalent approach to 
prodnce a cobordism V with the properties mentioned above that is possibly even more direct. 
This is pictnred in Fignre 37. In this case, we consider a thimble T' that goes horizontally 





Figure 37. H-snrgery between 72 x L and the thimble T' in case L and S 
have a single intersection point. 

towards —00 starting from xi and we do a H-snrgery in a single point between T' and 7 ^ x L. 
Here 7 ^ is the first half of the cnrve 72 and H-snrgery is the constrnction of the trace of the 
snrgery as Lagrangian cobordism as described in [BC2] §6.1. We can then cnt T' ontside of U 
and thns obtain another cobordism which can be regarded as embedded in C x M. Moreover 
the latter cobordism will have S,L and tsL as its ends. Finally, it is nsefnl to note that in 
case the nnmber of intersection points of L and S is at least two, both constrnctions above 
fail. In both cases, it is still possible to do an iterated snrgery with a nnmber of thimbles 
eqnal to the nnmber of intersection points between L and S, basically by the same method 
as described in §4.4.3. However when nsing these copies either cylindricity at infinity is lost 
or the resnlting manifold, after snrgery, is no longer embedded bnt only immersed. As an 
example, if we perform the H-snrgery in the case when there are two intersection points and 
project the resnlting manifold V onto C the image of V is as in Fignre 38: the thimble T' 
can be conserved as before - its projection is in red - bnt the additional copy of it, T", will 
project as the green dotted region there, and it is not clear how to obtain a cobordism (which 
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Figure 38. Iterated F-surgery with two thimbles T' and a copy T" of T'. The 
projection of T" hlls the green dotted area. 

is cylindrical at oo) when passing to C \ f/. As a last remark, this V, or a small perturbation 
thereof, can also be viewed as obtained by stretching V in the direction of —VRe( 7 r)). 

6.4. Changes of generators. The generators appearing in Theorem A, in particular, the 
Tj’s are not always the most convenient for calculations even if they appear naturally in our 
proof. It is however easy to change generators in case a different choice is preferable. We 
exemplify this in the case of one Lefschetz hbration which we assume to £t the setting of 
Theorem 4.2.1 and with only three critical points, of critical values Ui, 112 ,^ 3 . In particular, 
m = 3. 

We consider two families of thimbles Tj, T/, i = 1,2, 3, that are like in the statement of 
Theorem A and such that the T's cover curves U and the T/’s cover curves as in in Figure 39. 



Figure 39. The projections ti and respectively t[, of the thimbles Tj, respec¬ 
tively T/, i = 1,2,3 associated to the critical points Xi,X 2 ,X 3 of critical values 

Vl,V2,V3. 

It is easy to see that by applying Theorem A to the thimbles T/ we obtain first T 3 = T 3 . 
Further, Tj = cone(T 2 —)■ T 3 (g) T|), with = HF{S 3 , T'sj'rsjFj)- Notice also r^^Tj = Tj and 
r^^Tj is just the one point surgery between §2 and Tj. It follows T| = HF^S^, S 2 ) where Si 
are vanishing spheres associated to the singularity Xi (inside a hxed fibre {M,u) = 7r“^(2;o))- 
Thus 

T2^(Tjgi/T(53,R2)^Tj) . 
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Similarly, T[ = cone(Ti —)■ T 2 ®E\ —>■ T^®E\) and we can again estimate: E\ = HE{S 2 , = 

HE{S 2 , Si), El = HEiSs, TgjgTi). Thus we get: 

Ti = (T' ® HE{S3, S 2 ) ® HE{S2, Si) ^ T' ® HE{S2, Si) ^ T' ® El ^ T[) . 

This expression can be further simplihed. For instance, the second and third terms can be 
switched because hom(T 2 ,T 3 ) is acyclic (i.e. HE(Tl,Tl) = 0). In conclusion, we can write 

Ti = (T' ®El^Tl®El^ T[) 

for appropriate ^-modules E^, E 2 . Using these arguments the decompositions given by The¬ 
orem A can be re-written in the generators T': the sequence (Ti ® Ui T 3 ® E^) inside 

the cone-decomposition provided by that theorem will be replaced by (T 3 ® G 3 ^ ® G 2 ^ 

T[® Gi) for appropriate modules Gj. 

The manipulations above can be extended to hbrations with more than three singularities 
in a straightforward way. The main difficulty in making these changes of generators explicit 
is in determining the modules G^. In this respect, it is useful to note that there exists an 
alternative proof of the decompositions in Theorem A that avoids the geometric disjunction 
step contained in §4.4 and implements iteratively the stretching argument in §4.5 to the case of 
more singularities. While this method becomes quite involved for more than a few singularities, 
it offers sometimes a more direct way to estimate the relevant modules for specihc generating 
families of thimbles. 

6.5. Real Lefschetz fibrations. Real Lefschetz hbrations have recently been studied from 
the topological and real algebraic geometry viewpoints (see e.g. [DS, Sail, Sal 2 , Sal3]). La- 
grangian cobordism is naturally related to this notion and we describe this relationship in the 
hrst subsection below. We then pursue with a construction of such hbrations and, in the last 
subsection, with a concrete example. 

6.5.1. Lagrangian cobordism and real Lefschetz fibrations. Let tt : E —)■ C be a Lefschetz 
hbration endowed with a symplectic structure as in Dehnition 2.1.1. Denote by (M, w) the 
general hber of {E, D). Let ce '■ E —)■ E be an anti-symplectic involution, i.e. c%Vt = —Vt and 
ce o ce = id. Assume further that ce covers the standard complex conjugation cc : C —> C, 
namely vr o cg = cc o vr. Denote by U = Fix(c£;) the hxed point locus of ce- Note that the 
projection 7 r(U) of U to C is a subset of M. The following proposition shows that U is a 
Lagrangian cobordism and also gives a criterion for its monotonicity. 

Proposition 6.5.1. Under the above assumptions V is a Lagrangian cobordism with at most 
one positive end and at most one negative one (but possibly without any ends at all). Its 
projection vr(U) C M. is of the form Uj^shj, where S is a subset of the set of connected 
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components 0 /M \ Critv(7r), Ij stands for the path connected component corresponding to j 
and Ij is the closure of Ij. Thus diriy) is a subset 0 /Critv(7r) flM. 

Moreover, for every 2 ; G M \ Critv(7r) the part of V lying over z, Vz '.= Ez H V, coincides 
with the fixed point locus of the anti-symplectic involution ce\e,, hence is either empty or a 
smooth Lagrangian submanifold of Ez (possibly disconnected). In particular, the Lagrangians 
corresponding to the ends of V (if they exist) are real with respect to restriction of ce to the 
regular fibers over the real axis at ±cx). 

If {E, f2) is a monotone symplectic manifold then V is a monotone Lagrangian submanifold 
of E. Further, denote by c“™(-E) the minimal Chern number on spherical classes in E and 
by Nv the minimal Maslov number of V. //c™“(-E) is odd then cf'^^{E)\Nv, and if c’f^^{E) 
is even then ^cf'^'^{E)\Nv ■ 

//dime M > 2 and (M, u) is monotone then {E, ^2) is monotone too and 
hence V is a monotone Lagrangian cobordism. 

Proof. That id is a (smooth) Lagrangian snbmanifold follows from it being the hxed point 
locus of an anti-symplectic involution. 

We now show that 1/ is a cobordism and prove the other statements about the projection 
7r(l/). Since V is Lagrangian, Dt!',j.\t„,v —> 1^ vanishes iff x G Crit(7r) (see e.g. Chapter 16 
of [Sei3]). It follows that 7r(I/)\Critv(7r) is an open subset of M and all the points in this subset 
are regular values of the projection 7r|y : V —> M. By construction V C E is a. closed subset. 
Therefore if / C M \ Critv(7r) is a connected component and vr(I/) fl / 7 ^ 0 then I C T^iV). 
Next, notice that since V is Lagrangian it is invariant with respect to parallel transport along 
any intervals / C 7r(I/) \ Critv(7r). 

The statements about I 4 = Fix(c£;|£;^) follow directly from the dehnitions. 

We now address the monotonicity of V. This follows from spherical monotonicity of {E, hi), 
by a standard reflection argument based on the existence of the anti-symplectic involution ce 
and the fact that V = Fix(c^;). 

Finally, it remains to prove the statement relating the spherical monotonicity of (M, u) with 
that of E. Let Ez^ G E he a smooth hber endowed with the symplectic structure induced 
by n (so that {M,u) is symplectomorphic to Ez^). Assume that dime //^g > 2 and that Ezq 
is monotone. It is easy to see that the inclusion, 'K2{Ez^0 —> 7r2(IF) is surjective and this 
implies the monotonicity statement. □ 

In the next subsection we will show how to construct real Lefschetz fibrations out of Lef- 
schetz pencils arising in real algebraic geometry. 

6.5.2. Constructing real Lefschetz fibrations. Let X be a smooth complex projective variety 
endowed with a real structure, namely an anti-holomorphic involution cx '■ X —)■ X. Let ^ 
be a very ample line bundle on X and assume further that it is endowed with a real structure 


LAGRANGIAN GOBORDISM IN LEFSCHETZ FIBRATIONS 


111 


compatible with cx- By this we mean an anti-holomorphic involution \ ^ —)■ ^ covering 

cx, i-e. pr o Cjf = Cx o pr, where pr : —f X is the bundle projection. 

Denote by H^{^) the space of holomorphic sections of ^ and by P := the 

projectivization of its dual (which can also be thought of as the space of hyperplanes in 
We denote by P* := the projectivization of the space of sections itself. 

Note that P* is the dual projective space of P, hence the notation. 

The real structure of ^ induces a real structure ch on H^{^) dehned by c//(s) = c^osocx- 
Denote by C H^{^) the space of real sections of ^ (i.e. sections s with ch{s) = s). 

The real structure ch descends to real structures on P* and P which, by abuse of notation, 
we continue to denote both by ch- The hxed point locus of ch on P will be denoted by Pr 
and that on P* by P^. 

Consider now the projective embedding dehned using the sections of X "—> P. This 
embedding is real in the sense that it commutes with {cx,ch)- Furthermore, there is an 
isomorphism between P and CP^ which sends ch to the standard real structure ccpjv of 
CP^ (hence P® is sent under this isomorphism to MP^). We hx once and for all such an 
isomorphism. Denote by U£pN the standard symplectic structure of CP^ normalized so that 
the area of CP^ is 1. Since ccpN is anti-symplectic with respect to ucpN the previously 
mentioned isomorphism yields a Kahler form cap on P and therefore also a Kahler form ux 
on X so that cx is anti-symplectic with respect to ux- 

Let X{^) C P* be the discriminant locus (a.k.a. the dual variety of X), which by dehnition 
is the variety consisting of all section [s] G P* (up to a constant factor) which are somewhere 
non-transverse to the zero-section. Denote by = A(.if) fl P| its real part. 

Let £ C P* be a line which is invariant under cp and intersects A(Af) only along its smooth 
strata and transversely. Fix an isomorphism i ^ CP^ and endow i with a standard Kahler 
structure ue normalized so that its total area is 1. Consider the symplectic manifold i x X 
endowed with the symplectic structure u)e®0Jx- For every A G P* denote by = <s“^(0) C X 

the zero locus corresponding to a section s representing A. (The varieties are sometimes 

called hyperplane sections since they can also be viewed as the intersection of the image of X 
in P with linear hyperplanes.) Note that for all A ^ A(Af), the variety is smooth. We 
endow these varieties with the symplectic structure induced from ux- The complement of the 
discriminant, P* \ A(Af), is path connected (since A(Af), being a proper complex subvariety 
of P*, has real codimension > 2). Therefore all the symplectic manifolds A G P* \ A(Af), 
are mutually symplectomorphic. 

For every A G P^ \ the manifold SA) has a real structure induced by cx- Denote 

its real part by We stress that in contrast to P* \ A(Af), its real part P^ \ is in 

general disconnected and the topology of depends on the connected component A belongs 
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to. Define now 

E = {(A, x)\Xei, xe cixX. 

Dne to the transversality assnmptions between i and A(^) the variety E is smooth. We 
endow it with the symplectic structnre D indnced by ui © ux- 

The space E comes with two “projections” , ir : E —> i and px ■ E —> X, induced by 
the two projections from i x X to its factors. The hrst one is a Lefschetz hbration (whose 
base is £ ~ CP^). The fact that the critical points of vr are non-degenerate follows from the 
transversality assumptions on the intersection of i and X{^). The second projection (which 
will not be used here) realizes E as the blow-up Bls(A) —> X of X along the base locus B 
of the pencil ^ (i.e. B = {xeX\xE V A G i}). The involutions ch and cx induce an 
anti-holomorphic involution on E which is also anti-symplectic with respect to D. 

Let D G i he & closed disk which is invariant under ch- Identify £ \ D with C via an 
orientation preserving diffeomorphism which commutes with {ch, cc), where cc is the standard 
conjugation on C. The real part £r \ P of £ \ P is sent by this diffeomorphism to M. 

By restricting vr to the complement of P we obtain a Lefschetz hbration E = 'k~^{£ \ P) 
over £ \ D = C. We endow E with the symplectic structure P coming from P and by a 
slight abuse of notation denote its projection by vr : P — )■ C. Restricting the preceding anti- 
symplectic involution of P to P we obtain an anti-symplectic involution on P which covers 
the standard conjugation cc as in §6.5. The critical values of tt are precisely (£ \ P) fl A(.if). 
Some of them lie on £r (i.e. the real axis) and the others come in pairs of conjugate points. 

Note that £m. \ A(.if) might have several connected components. If A', A" E £r \ A(.if) are 
in the same component then ^ and ^ are diffeomorphic, but otherwise not necessarily. 

Consider now the hxed point locus V = Fix(c£;) C P. By Proposition 6.5.1, R is a 
Lagrangian cobordism. Its ends correspond to and where A_, A+ E £^ \ D are 

close enough to the two boundary points of fl P. As hinted above, any of the might 

be disconnected. At the other extremity any of these ends might also be void. 

Finally we address the issue of monotonicity. Assume that dimcX > 3 and that the sym¬ 
plectic manifold (B^)^ A ^ A(.if), is monotone. By Proposition 6.5.1 the Lagrangian 

cobordism V is monotone. 

Turning to more algebraic-geometric terms, here is a criterion that assures monotonicity 
of the B'-^^’s. For an algebraic variety we denote by —Kx its canonical class. The following 
follows easily from adjunction. 

Proposition 6.5.2. Let X be a Fano manifold with dimcX > 3 and write —Kx = rD, with 
r G N and D a divisor class. Further, suppose that Af = qD with 0 < q E Q and q < r. 
Then the symplectic manifolds (B‘^'^\ a;x|s (^))7 ^ A(.if), are monotone. In particular V is a 

monotone Lagrangian cobordism. 
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6.5.3. A concrete example - real quadric surfaces. We present here a concrete example of a real 
Lefschetz fibration associated to a pencil of complex quadric surfaces in CP^. The example 
can be easily generalized to higher dimensions. 

Let X = CP^ and = Ocp3{2), both endowed with their standard real structures (induced 
by complex conjugation). Clearly ^ is very ample and gives rise to the so called degree-2 
Veronese embedding which we describe shortly. 

Using coordinates [Xq : Xi : X 2 : X 3 ] on CP^ we identify the space H^{^) of sec¬ 
tions of ^ with the space of quadratic homogeneous polynomials A(X) in the variables 
X = (Xo,Xi,X2,X3): 

(72) A(X)= 

0<i<i<3 

Taking XiXj, 0<i<j<3, asa basis for this space we obtain an identihcations P = CP® 
under which the projective embedding X =—> CP® is given by: 

[zo : Zi : Z2] I—^ [zl : 2:0^1 : ■ ■ ■ : ZiZj : ■ ■ ■ : Z2Z3 : z^], 


where the coordinates on the right-hand side go over all {i,j) with 0 < i < j < 3. 
The hyperplane section corresponding to the polynomial A is a quadric surface 

= {[zo : Zl : Z2 : 2 : 3 ] | A(zo, ^ 1 , ^ 3 , ^ 3 ) = O} C CP^ 


A straightforward calculation shows that A G X{^) if and only if 


(73) 


^2aoo 

Ooi 

O02 

O03^ 

Oio 

2aii 

O12 

Ol3 

020 

O21 

2a22 

023 

\ O30 

031 

032 

2033^ 


This shows that the discriminant is a variety of degree 4 in P* = CP®. The smooth 

stratum of consists of those A’s where the matrix in (73) has rank 3. 

The real part Ak(.^) of the discriminant consists of those polynomials A which in addition 
to (73) have real coefficients (i.e. 0 *^ G M for every i,j). 

It is well known that for A ^ A(.^) the variety is isomorphic to CP^ x CP^, and 
moreover when viewed as a symplectic manifold (endowed with the structure induced from 
the projective embedding) it is symplectomorphic to (CP^ x CP^, 2a;cpi ©2a;cpi), where cjcpi 
is normalized so that the area of CP^ is 1. 

Consider now the following two sections 


Ao(X)=X2 + X2 + X2' 


^1, 


Ai(X) = X0X3 - X1X2. 


A simple calculation shows that Aq, Ai ^ Denote the real part of SCA Py 

i = 0,1- It is easy to see that LAi) jg ^ Lagrangian tours and moreover we can find a 
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symplectomorphism —> CP^ x CP^ so that is the split torus T = 

X MP^. We hx such a diffeomorphism Similarly, there is a symplectomorphisms 

0 (Ao) . y;(Ao) —y (j^pi X (j^pi sends to the Lagrangian sphere S = {{z,z) \ z G 
CP^} C CP^ X CP^ which is so-called the anti-diagonal. 

We now consider the pencil £ C P* that passes through the two points Aq and Ai. Clearly 
i is invariant under the anti-holomorphic involution ch- We can parametrize £ by 

CP^ 3 [to : tl] I- > -^[4o:ti] •= ^oAo + tlAi- 

A simple calculation shows that the intersection points of i with occur for the following 

values of [to : ti]: 

(74) [to:ti]G{[l:2],[l:-2],[l:2z],[l:-2z]}, 

and that £ intersects only along the regular stratum. Moreover this intersection is 

transverse. See the left part of Figure 40. 



Figure 40. The real pencil £ on the left, and the image oi £\D under (3 in C. 

We now appeal to the construction in §6.5.2. Below we will often identify C = in 
the obvious way. Choose a disk D G £ which is invariant under ch and contains the point 
[1 : 2], [1 : 2i], [1 : —2i\ but not the point [1 : —2]. Fix an orientation preserving diffeomorphism 
/3 : £ \ D —)■ C = such that: 

/3(Ai) = (-l,0), /3(Ao) = (l,0), /?([!:-2]) = (0,0). 

See the right part of Figure 40. From now on we use the identihcation f3 implicitly and simply 
write Ai = (—1,0 ), Aq = (1 ,0). 

Restricting E to £ \ D and applying a base change via f3 we obtain a Lefschetz fibration 
TT : E — C with general fiber CP^ x CP^ and with a real structure. Since the minimal Chern 
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number of the general fiber is c™™ = 2, E' is a strongly monotone Lefsclietz fibration in the 
sense of Dehnition 3.2.1. Its monotonicity class is * = (0). 

The projection tt has exactly one critical value at 0 G C (corresponding to [1 : —2] G i). 
The real part V oi E is a cobordism with one negative end associated to L~ = which is a 
Lagrangian torus, and one positive end associated to which is a Lagrangian sphere. 

By Proposition 6.5.2 V is monotone and a simple calculation shows that it has minimal Maslov 
number Ny = 2. Interestingly we have N^- = 2 while N£+ = 4. Note also that d^- = dL+ = 0, 
hence V is of the right monotonicity class * = (0). 

Transforming V to a negative ended eobordism. In order to obtain a cobordism with only 
negative ends (as considered in the rest of the paper) we proceed as follows. Take the Lefschetz 
hbration vr : E —> C and V <Z E as constructed above. Recall that 0 G C was the (single) 
critical value of vr. Consider a smooth embedding a' : [0, oo) —)■ so that: 

(1) a'{t) = {t, 0) for every 0 < f < 1. 

(2) For 1 < t, a' lies in the lower half plane and a'(2) = (0, —1). 

(3) For every 2 <t, a'{t) = {2 — t, —1). 

Now take the part of the cobordism V that lies over (—oo, 1] x M C and glue to its right 
hand side the trail of the Lagrangian sphere = R|(i,o) along the curve a'|[i,oo)- Denote 
the result by W. It is easy to see that kF is a smooth Lagrangian cobordism with two negative 
ends. The lower end is a Lagrangian sphere and the upper end is a Lagrangian torus, both 
living inside symplectic manifolds that are symplectomorphic to CP^ x CP^. See Figure 41. 




-l^i) h 





(X' 


Figure 41. The cobordism W with two negative ends, and the parallel trans¬ 
port of the sphere pDo) hber over Ai. 


Note that the Lefschetz hbration E is not tame. Therefore In order to apply the cone 
decomposition from Corollary 5.1.1 we need to identify hbers over different ends. To this end, 
denote by a” the straight segment connecting q;'( 3 ) = (-1,-1) to Ai = (—1,0). Denote by 
u = 0:1 [ 1 , 3 ] * o" the concatenation of alfi.aj with a”. Denote by fla : Paq —t Pai the parallel 
transport along a. Let = na(LDo)j pg ^pg parallel transport of the Lagrangian sphere 
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to the fiber = E\-^ of E over Ai. See Figure 41. By Corollary 5.1.1 we have in 
DEuk*(Ti^^^'^) an isomorphism: 

(75) ^ cone(^i ® 

where Si C jg the vanishing cycle associated to the critical point of vr over 0 and the 
path a'|[o, 3 ] * a". According to (57), the space E is HE{Si,W), where Si is the matching 
cycle emanating from zi, which lies in a suitable extension of the fibration E (see §4.4.2). 

In our case, it is not hard to see that Si intersects hF at a single point and the intersection 
is transverse. Therefore E is a 1-dimensional space. Applying to (75) we now obtain the 
following isomorphism in DEuk*{CP^ x CP^): 

0(Ai)(^(Ai)) ^ cone{(j)^^^\Si) T). 

By a result of Hind [Hin] all Lagrangian spheres in CP^ x CP^ are Hamiltonian isotopic. 
In particular and 0^^i^(S'i) are both Hamiltonian isotopic to the anti-diagonal S. It 

follows that: 

(76) A = cone(5^T). 

By rotating the exact triangle corresponding to (76) we obtain the following result: 

Corollary 6.5.3. Let M = CP^ x CP^, endowed with the symplectic structure oJcpi ©cucpi- 
Denote by S = {{z,z) \ z G CP^} C M the anti-diagonal and by T = MP^ x MP^ C M the 
split torus. Then in DEuk*{M) there is an isomorphism 

(77) T = cone{S^S). 

Remarks. a. The existence of an isomorphism of the type (77) could probably be de¬ 
rived also by the following construction whose details need to be precisely worked out. 
Consider a Hamiltonian isotopic copy S' of S so that S' intersects S transversely at 
exactly two points. By performing Lagrangian surgery of S' and S at the intersection 
points (with appropriate choices of handles) one obtains a Lagrangian torus T' C M. 
Moreover, for a suitable choice of S' and choices of handles the torus T' should be 
Hamiltonian isotopic to the split torus T. Applying the “figure-Y” surgery construc¬ 
tion from [BC2] we obtain a cobordism F in x M with two negative ends S, S' and 
one positive end T'. The cobordism V should also be monotone for suitable choices 
of handles in the figure-Y surgery. The cone decomposition in (77) would now follow 
from the main results of [BC3]. 

b. Our work does not provide much information about the precise morphism S — > S 
from (77). It would be interesting to determine the precise map and also to figure out 
how (77) behaves with respect to grading (in this case a Z 2 -grading). 
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A few variations on the same example. One can alter the construction of E and V to obtain a 
Lefschetz fibrations vr : E' —> C with more critical values. This can be done for example by 
choosing the disk D to contain the point [1 : —2] and none of the other points from (74). The 
result will then be a hbration with three critical values - one lying on the x-axis and another 
pair of critical points conjugate one to the other. The cobordism V in this case would still be 
between a Lagrangian sphere and a torus. 

If one chooses the disk D not to contain any of the points in (74) and its center to lie 
somewhere along the interval [1 : x], x G [—2,2], then the hbration will have four critical 
values, two real ones and to conjugate ones. The cobordism V will have a Lagrangian on 
its both ends, and the topology of V will still be non-trivial (i.e. V will not be diffeomorphic 
to M X 5^). A similar example with Lagrangian T^’s on both ends can be constructed by 
taking the disk to have its center somewhere along [1 : x], x > 2. 
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